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Abstract. In this paper, we applied three different control methods; Positive Position Feedback
(PPF), Integral Resonance Control (IRC) and Nonlinear Integrated Positive Position Feedback
(NIPPF) added to a Duffing oscillator system subjected to harmonic force. An analytic solution is
introduced using the multiple scales perturbation technique (MSPT) to solve the nonlinear
differential equations, which simulate the system with NIPPF controller. Before and after control
at the primary and superharmonic resonances, the nonlinear systems’ steady-state amplitude and
stability are studied and examined. The influences of various parameters of the system after being
connected to NIPPF are illustrated. Optimum working conditions for the NIPPF controller are
obtained at internal resonance ratio 1:1. A Comparison is also made to validate the closeness
between the numerical solution and the analytical perturbative one at time-history and frequency
response curves (FRC). Finally, a comparison with the available results in the literature is
presented. From this comparison, we find that the best control to the system is via the NIPPF
controller.

Keywords: vibration control, nonlinear integral positive position feedback, multiple scales
perturbation technique, stability.

1. Introduction

Nonlinear vibrations extensively take place in engineering construction. Examples of this are
bridges, aircraft, micro-electro-mechanical devices, and elevator cables. Nonlinear vibrations and
unpredictable chaotic oscillations may result in short-term action structure failures. In this respect,
Fryba [1] has an inclusive realization as he offered an important number of solutions for
vibrational problems subjected to moving load. Moreover, Yang et al. [2] inspected the vibration
conductance of a Timoshenko beam resting on a nonlinear Pasternak basis and under a moving
force. In addition, Jung et al. [3] used the positive position feedback (PPF) controller to decrease
the strip vibration. On the other hand, El-Ganaini et al. [4] have conducted a study for PPF
controller that was aiming at reducing the nonlinear dynamical system’s vibration amplitude at
the existence of 1:1 internal resonance and primary resonance.

In [5], Ghadiri et al have examined some considerable effects imposed by thermal
environments to the nonlinear vibrations of a just supported Euler-Bernoulli nanobeam, which
depends on a viscoelastic fundamental with surface elasticity. In addition, the Galerkin and the
multiple scales technique were applied to disband the problem. Russell et al. [6] have inserted a
modified integral resonant control (IRC) scheme with the aim to increase the bandwidth position
of lightly damped resonant systems. Then, a method for reducing the order of the controller
through a selective choice of feed through was concluded, which was conflicting with standard
IRC. After this, controller parameters have been analytically derived in order to supply maximum
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tracking bandwidth.

Exploring the work of Omidi and Mahmoodi [7] introduced the NIPPF control method as a
new technique that makes use of positive aspects of IRC and PPF approaches to curb nonlinear
system. There was more achievement of the NIPPF when comparing with the other techniques.
Using the method of multiple scales, an overall control pattern was analyzed. On the other hand,
Zulli and Luongo [8] analyzed the impact of using the non-linear energy sink (NES) as a passive
control for vibration relating primary and subharmonic resonance. There are three different
situations had been taken into consideration, the first one is the external harmonic excitation: 1:1
resonance than, 1:3 resonance and finally concurrent 1:1 andl:3 resonance. In addition, the
response of the system was taken into account after applying the multiple scale/harmonic balance
technique (MSHBT). The later requires achieving an amplitude modulation of the mathematical
system in the slow time scales. In another work, by Eissa and Saeed [9], the PPF controller was
suggested to decrease the nonlinear vibrations of a horizontally confirmed Jeffcott rotor model. In
this work, they presented a second order approximate solution applying MSPT. The bifurcation
test of the Jeffcott-rotor system before and after control has been investigated. The influences of
the several controller parameters on the system FRC has been taken in to account. In this respect,
Saced and Kamel [10] were studying the whirling activity of a nonlinear Jeffcott rotor model.
They were using a tuned PPF absorber to decrease the oscillation of this system. The slow-flow
modulating equations have been given by applying the MSPT. Eissa et al. [11] utilized the MSPT
to find an analytical solution that analyzes the nonlinear performance of the describing model. The
stability investigation was presented to define stable and unstable areas. Hilla et al. [12] did a
comparison between the direct normal form technique, harmonic balance, and the multiple scales
technique. As a result, from the studying of an unforced, undamped Duffing oscillator, it has
concluded that for approaching backbone curves, all procedures represent acceptable accuracy
when the amplitude response is low.

Amer et al. [13], studied the nonlinear oscillations with time delay feedback of a parametric
excited Duffing oscillator system. The MSPT has been employed to find the frequency response
equations (FRE). In addition, the stability of the nonlinear solution was analyzed. The influences
of the several parameters of the structure were illustrated. Moreover, Bauomy and EL-Sayed [14]
studied the active vibration control of a rectangular thin plate model subjected to external and
parametric excitation forces. The MSPT was utilized to solve the nonlinear differential equations
then, the FRE was illustrated to find the steady-state solutions and to test the influences of several
parameters on the structure performance.

In [15-23], Deng et al have studied different algorithms for solving the optimization problems,
such as CACO, CACOAMS, GA-PSO-ACO, ACO, MGACACO, and DOADAPO. Zhao et al.
[24] has proposed a novel vibration suppression method it the fractional order control strategy that
introduced into vibration suppression for suppressing the vibration of motor.

Summary of the above study was the main effect on PPF and IRC and NIPPF controller to
reduce vibration in different systems. However, in this article, we are aiming at studying the
influences of PPF, IRC and NIPPF controllers on our system. We will show that the best one is
the NIPPF controller. The paper is organized as follows: In Section 2 we study the mathematical
model and controller design which is affected by external primary and super harmonic resonance.
Then make a Comparison between the three controllers to testify the effectiveness of the proposed
control. In Section 3 we explore an approximate solution for the system when connected to NIPPF
controller using the procedure of the MSPT. The stability behavior of the nonlinear solution is
explored. The influences of several system parameters of the oscillating model are examined.
Section 4 is devoted to study the influences of several system parameters of the oscillating model.
The comparison between both numerical and analytical results is performed. In addition, we do a
comparison between our results and other results in the literature. At the end we give our
conclusions in Section 5.
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2. Mathematical model and controller design

The equation of motion is presented as one degree of freedom damped Duffing oscillator
system, which is affected by a bi-frequency harmonic force as shown in Fig. 1. Indicating x as the
dimensionless displacement of the principle oscillator. The dimensionless equation of motion as
presented in [8] is modified as:

#(t) + 28wk (t) + wZx(t) + Kkex(t)® — Fycos(Qt) — Fycos(30t) = F.(t), (1)

where over- dot is the differentiation with respect to time, & is the linear damping factor for the
main Duffing oscillator, wy is resonant frequency of the main system, x is the coefficient of weak
non- linear stiffness, F; and F; are the 1:1 and 1:3 resonant harmonic forces amplitudes,
respectively, (1 is the external excitation frequency and F_.(t) is the control input.

B— X
F, Cos(Qt)+F, Cos(3Q1)

" 0Q0

Fig. 1. Schematic graph of the nonlinear oscillator undergone bi-frequency harmonic force

A description of the mathematical technique for PPF, IRC and NIPPF absorbers is supplied as
follows. Starting with the technique for the PPF absorber, we have:

J() + 2&,0,5(t) + wiy(t) = Apx (1), 2)

where y(t) is the state-variable for the PPF controller, &, , w,, are the damping factor and resonant
frequency of the PPF controller, respectively, 4, > 0 is the controller gain. We will put
F,(t) = k, y(t) in Eq. (1) for k,, > 0 in order to close the feedback loop.

Moving to the IRC controller, the model will have the form:

2(t) + w,z(t) = A,x(t), (3)

where z(t) is the state- variable for the IRC controller, w, is the lossy integrator’s frequency,
A, >0 is the controller gain. Again, we set F.(t) = k, y(t) in Eq. (1) for k, > 0 to close the
feedback loop.

Depending on the two previous controller Egs. (2) and (3), the NIPPF controller can be
described as:

{il(t) + 2&Eywpt(t) + wiu(t) + du(t)® = A,x(t), 4
o(t) + o, v(t) = L,x(0), )
F.(t) = kyu(t) + k,v(t), (5

where u(t) is the second-order section variable for the NIPPF controller and v(t) is the
integrating section variable for the NIPPF controller. {y, wy are the damping factor and internal
frequency for the controller, respectively. 4, > 0 and A, > 0 are the gains of controller, k,, is the
positive scalar feedback gain of the second- order section, k,, is the positive scalar feedback gain
of integrating section, o, is the lossy integrator’s frequency and & is the non-linearity parameter.

To illustrate the three types for controllers which are connected to a Duffing oscillator system,
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we presented the following diagram which appeared in Fig. 2.

F, Cos(Qt)+F; Cos(3Qt)
Main System

Pefi’@—’ (1) +28, @, 1(1) + @] x(t)+ K, x(1) *

F.(1) PPF Controller

v

Fig. 2. Schematic graph of the three proposed controllers
2.1. Time history and phase plane by numerical simulation

In this section, Primary resonance ( F; # 0, F; = 0) and super harmonic resonance
(F, =0, F5 # 0) are solved numerically by using the Runge-Kutta fourth-order method (RK-4)
with the selected values of the system and the controller parameters introduced in Table 1. This is
done for equations that describe a nonlinear dynamic system without and after effecting different
types of controls (IRC-PPF-NIPPF) to show the best control.

Table 1. Numerical values of the system and NIPPF controller parameters.

Parameter | Value | Parameter | Value | Parameter | Value
& 0.003 K -30 Wy 1
&y 0.003 Ay 0.5 Ay 0.5
Wy 1 K, 0.2 K, 0.2
) 0 oy 1 - -

From Fig. 3 to Fig. 6, we have reduced the vibration of the dynamic system of its maximum
value to about 96.996 % after using PPF controller at t = 700 sec and about 1.17 % without any
confusion after t = 200 sec and about 99.183 % after using NIPPF controller at ¢ = 300 sec.
These results are similar in primary resonance (0 = wg, wy = w,;) when F; = 0.01, F3 = 0 and
super harmonic resonance case ( ) = w;/3, wy = wg) when F; = 0, F; = 0.01 . This leads to the
effectiveness of the absorber E, (E, = steady-state amplitude of the system before controller /
steady-state amplitude of the system after controller) is about 33.29 after using PPF controller and
about 1.1349 after using IRC controller and about 121.86 after using NIPPF controller for the
essential system.

From these results, the NIPPF controller is the best control to suppress the vibration at short
time with the good reduction performance and with small chaotic compared to IRC and PPF as
shown from Fig. 3 to Fig. 10.
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Time
Fig. 3. Time estimation of the main system when
F; =0.01, F3 =0orwhen F; =0, F; =0.01
before controlled system

Fig. 4. Time estimation of the main system when
F; =0.01,F; =0orwhen F; =0, F; =0.01
with PPF controlled only

NIPPF Controlled

IRC Controlled
0.1 0.04

0.05 0.02
@ a
=
£ E o 1.
5 =
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—0.05 —0.02
=01 —0.04
o 200 400 600 800 0 200 400 800 800
Time Time

Fig. 6. Time estimation of the main system when

Fig. 5. Time estimation of the main system when
F; =0.01, F3 =0 or when F; =0, F; =0.01

F; =0.01, F; =0orwhen F; =0, F; =0.01
with IRC controlled only after NIPPF controlled
Uncontrolled System PPF Controlled
0.2 0.04 -
0.1 0.02
3 of E of
2 2
-0.1 -0.02
-0.2 —0.04
—0.2 -0.1 0 0.1 02 —0.04 -0.02 0 0.02 0.04
Amplitude Amplitude
Fig. 7. Phase plane of the main system at Fig. 8. Phase plane of the main system at
F; =0.01, F; =0orwhen F; =0, F; =0.01 F; =0.01, F3 =0orwhen F; =0, F; =0.01
before controlled system with PPF controlled only
IRC Controlled NIPPF Controlled
0.1 : 0.04
0.05 0.02
2z z
8 0 2 0
2 2
—0.05 -0.02
—0.1 -0.04
—0.1 -0.05 0 0.05 0.1 —0.04 —0.02 0 0.02 0.04
Amplitude

Amplitude
Fig. 10. Phase plane of the main system at

F; =0.01, F3 =0 or when F; =0, F3 =0.01
after NIPPF controlled

Fig. 9. Phase plane of the main system at
F; =0.01, F3 =0 or when F; =0, F; =0.01
with IRC controlled only
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3. Mathematical analysis

Applying the multiple scales perturbation technique MSPT, Egs. (1) and (4) can be solved by
imposing the following forms:

x(t; €) = x0(To, Ty) + € x1(Ty, Ty) + 0(g?), (6)
u(t;e) = ug(To, Ty) + e uy (T, Ty) + 0(g?), (7
v(t;e) = vo(To, Ty) + e v1(Ty, Ty) + 0(£2), (8

where € is a small dimensionless parameter of the perturbation and 0 < e < 1. T; = €'t
(n =0, 1), where the fast-varying time scale will be in the form T, = t, and then the slowly
varying time scale can be defined as T; = &t. Therefore, the time derivatives listed such as:

d
= =Dy +eDy + -, )
P
ok DZ + 2eDyD; + -+, (10)

where D; = /9T, j = 0,1.

One can scale the parameters of Eqs. (1) and (4) as follows & = €&, &y = ey, ks = R,
k, = eky, k, = ek,, § = €8, A, = €l,,, F, = €F,, F; = €F; . This is justified, in order to make
all parameters appear in perturbation equations when applying MSPT.

Substituting Egs. (6)-(10) into Egs. (1), (4) and comparing the coefficients of identical
powers of €.

Order (£°):
(D§ + w2)xo =0, (11)
(D§ + wiug = 0, (12)
(Do + 0,)v = Ay, (13)
Order (¢):

(D2 + w?)x; = Fycos(Qt) + Fycos(30t) + kyuy + kv — Rsxo®

c 14

—2&5wsDoxo — 2Dy Dy Xy, (19

(Dg + wlz\])ul = /”{uxO - 8u03 - 2 éN(I)NDOuO - ZDoDluo, (15)

(Do + 0,)v1 = Apx; — D1vg. (16)
The differential Egs. (11) and (12) are assumed to have solutions in the form of:

xo = A(T)exp(iwsT,) + cc, (17)

uy = B(Ty)exp(iwyTy) + cc, (18)

where the complex functions in T; are A, B, cc. indicate the previous complex conjugate terms of
Egs. (17) and (18).

Substituting from Eq. (17) into (13), and solving the resulting ODE, we get the following
solution:

/11;(0-1; - iws)

A(Ty)exp(iwgTy) + cc, (19)

where C(T;) will be determined later. Substitution Egs. (17)-(19) into Eqgs. (14) and (15) leads the
general solutions for x; and u; can be obtained as:
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x, = E1exp(ioyT,) + Ezexp(3iwgTy) + E;exp(iQTy) + Eexp(—o,Ty) 20)
+Esexp(3iQT,) + cc,
u, = Hyexp(3iwyTy) + Hyexp(iwgTy) + cc, 21

where the complex functions in T; are E; (I = 1,2, ..., 5), H; and H, that are presented at appendix.
To form the ODE for v,, substituting Egs. (19) and (22) into Eq. (16), the solution of this ODE is:

v; = M;exp(3iwsTy) + Myexp(iwgTy) + Msexp(iQT,)

+M,exp(ioyTy) + Msexp(3iQT,) + cc, (22)

where M,,, (m =1, 2, ..., 5) are complex functions in T;, that are presented at appendix.
The approximate solution of Egs. (1), (4) can be achieved by exchanging Egs. (17)-(22) into

Egs. (6)-(8).
Putting the summation of secular terms in the ODE for v; equivalence to zero, so as to compute
the value of C(T;). Hence we have:

T = < Ak, Ty )
(T1) = Kexp | ————~ (23)

(07 + w3)
where K is a constant.
3.1. Periodic solution
3.1.1. Primary resonance (F, # 0, F5 = 0)

The steady state solution close to the primary resonance case ({) = w;, Wy = wy) is considered
from the first order approximation solution. Then, the detuning parameters o; and o, will be add
such as:

O =ws+ 0y =ws + €6y, wy =ws + 0, = ws + £06,. (24)

Substituting Eq. (24) into the secular terms elimination, then the following differential
equations are obtained:

D,A =il A%?A + T,A + il3A + iT,exp(i6,T,) + ilsBexp(i6,T;), (25)
DlB = ﬁlB + lﬁzBZE + lﬁ3AEXp(—162T1), (26)

where T, = ef,, n = 1,2, 3, 4,5),and , = &), (r = 1, 2, 3) are constants (see Appendix).
Using Eq. (9), we will define the derivative of A(T;) and B(T;) at the first order with respect
to t such as:

d
§A = eD, 4, @7)
— B =¢DB. (28)

To find the solution of Egs. (25), (26), it is appropriate to define A(T,), B(T;) as:

T
A(Ty) = <a 21)) exp(ita(T)), (29)
b(T; .
B(Ty) = ( (Z )> exp(upb(Tl)), (30)
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where the steady-state amplitudes are a(T;) and b(T;), and the phases of the polar solutions of
the essential system and second - order compensator are Y, (T;), Y, (T;), respectively.

Substituting Egs. (25), (26), (29), and (30) into Egs. (27), (28) then equating the real and
imaginary terms. Therefore, we abstract the next equations characterizing phases of the response
and modulation of the amplitudes:

a =T, a— 2I,sin(6,) — Ibsin(6,), (31)
. I a? 2T, Ib

?a =0, — 14 —I; - fcos(@a) — 57cos(9b), (32)
b = n.b + nsasin(6y), (33)
: I;a? 2T, Ish n,b?  nia

0, =0, — 14 -T; — fcos(ea) - 57cos(9b) + 24 + 3Tcos(eb), (34)

where 8, = 61Ty — g = 01t — Yo, O = 65Ty — Yo + Y = 0ot — P + 9y .
Eqgs. (31)-(34) are called the autonomous amplitude-phase modulating equations.

3.1.2. Super harmonic resonance (F; = 0, F3 # 0)

The steady state solution close to the super harmonic resonance case (Q = w,/ 3, wy = w;)
is conducted resulting from the solution of first order approximation. Then, the detuning
parameters g and g, will be add such that:

wS wS A A
Q=?+03=?+£03, Wy = Ws + 04 = Wg + £0y. 35)

By the same steps of the previous section 3.1.1 with letting c(T;) and d(T;) are the
steady-state amplitudes, and Y.(Ty), P 4(T;) are phases that arise in the polar solutions of the
essential system and second-order compensator, respectively. Thus, the autonomous
amplitude-phase modulating equations are:

¢ = T,c — 2lsin(8,) — Tsdsin(8y), (36)
6, = 30; — FlTCZ -TI;— %cos(@c) - %cos(@d), (37)
d = n,d + nzcsin(6y), (38)
04 =04 — he? I — % cos(6,) — % cos(84) + r]24d2 + %cos(@d), (39)
where:

0. = 3631y — Y. =303t =Y, Og = G,Ty — P +Pg = 04t — P + Yy,
and T, = [y is constants (see Appendix).
3.2. Steady-state oscillations
3.2.1. Primary resonance (F; # 0, F3 = 0)
To get the FRE, the steady state oscillation equations have the following form:
a=b=6,=6,=0. (40)

Substituting Eq. (40) into Egs. (31)-(34), we obtain:
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I, a = 2T,sin(8,) + Ishsin(6,), (41)
T 3
ao; — lf —Tza = 2T,cos(6,) + sbcos(6y), (42)
nib = —nszasin(6y), 43)
UPLN
(01 —02)b — 3 - n3acos(6p). (44)

From these equations, we get:

a? = a,;b® + a,b* + asb?, (45)
(W1b® + W,ob* + W3b2)% + (W,b1? + Wb + Wb® + W, b0+ Wgb* + Wob?)?2 4
= 4Tfn3a, (46)

where aq, &y, az, Wy, (k =1, 2, ..., 9) are presented in the Appendix.

Egs. (48) and (49) are the FRE that are employed to characterize the steady state solutions of
system.
3.2.2. Super harmonic resonance (F; = 0, F3 # 0)

Similarly, to obtain the FRE, the steady state oscillation condition have the following form:
¢c=d=6,=6,=0. (47)

Then the FRE in this case are:

c? = a;d® + a,d* + asd?, (48)
(W, d® + Mz/l%d4 + Wi d?)? + (W,d™ + Wypd™ + Wypd® + Wiy d®+Wisd* + Wied?)? 49)
= 4linsc”,

where a,, as and W, (n = 10, 11, ..., 16) are presented in the Appendix.
Egs. (48) and (49) represent the FRE responsible for characterizing the system steady state
solutions.

3.3. Stability analysis of the oscillation
3.3.1. Primary resonance (F, # 0, F5 = 0)

To investigate the stability of the nonlinear solution of the achieved fixed points, we must to
test the behavior of small deviations (i.e., linearization about the oscillatory point) from the stead
state solutions. Thus, we let that:

a=a,+a, 6,=04 +64, b=>bi+b, 0, =20y + 0, (50)

where ag, 0,0, by and Oy, are the solutions of Egs. (34)-(37) and ay, 641, by, 6, are
perturbations which are considered small in comparison to ay, 844, by and .

Substituting from Eq. (50) into Egs. (31)-(34), and consideration only the linear terms in a4,
641, by and 6,;, we get the next equations that can be established in the matrix form as:

?1 T11 T2 113 T4 [ G
a1 _|T21 T22 T23 724 a1 51
by |~ |31 732 T3z Taa| | by | (51
l J Ta1 Taz Taz Taa | 10p1

Op1
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where the above square matrix is the Jacobian matrix, 1;;, i = 1,2,3,4and j = 1, 2, 3, 4 are given
in the Appendix. The eigenvalues of the above equations system are specified as:

/14 + 7'113 + Tzlz + 7'31 + = O, (52)

where 4 means eigenvalues of matrix [J], 1y, r,, 13 and 7, are coefficients of Eq. (52).
Routh-Hurwitz criterion is employed for testing the stability of the equilibrium solutions. The
periodic solution is said to be stable, if the real part of the eigenvalues is negative; else, it is
unstable. As indicated by the Routh-Hurwitz criterion, the sufficient and essential conditions for
all the roots of Eq. (52) to have negative real parts are:

Tl > 0, T1T2 - 7"3 > 0, T3(T1T2 - 7"3) - 1"121'4 > 0, 7"4 > 0. (53)
3.3.2. Super harmonic resonance (F; = 0, F3 # 0)

In addition, to examine the stability of the nonlinear solution of the achieved fixed points, the
behavior of small deviations must to be tested (i.e., linearization about the oscillatory point) from
the stead state solutions. Thus, we let that:

C=C + Co) HC = ch + QCO’ d= d1 + dO’ gd = 9(11 + 9(10’ (54)

where cg, 8.9, do and 84, are the solutions of Egs. (36)-(39) and ¢;, 6.4, d;, 84, are perturbations
which are supposed to be small compared with ¢y, 8., dy and 6,,. we acquire the next equations
that can be established in the matrix form as:

['Cl ] 11 912 913 G14] [ C1
0c1 1921 922 4923 924 0c1
[ d, | T |31 932 Q33 34| | Ay |
0,41 qs1 942 943 qaal 1041

(55)

where the above square matrix is the Jacobian matrix, q;;, { = 1,2,3,4and j = 1,2, 3, 4 are given
in the Appendix. The eigenvalues of the above equations system are formed as:

A4 + q1).3 + q2/12 + q3ﬂ. + qs = 0. (56)

As stated by the Routh-Hurwitz criterion, the sufficient and essential conditions for all the
roots of Eq. (56) to possess negative real parts are:

¢ >0, 192 —q3 >0, q3(q192 —q3) — qiqs > 0, q, > 0. (57)

4. Results and discussion
4.1. Response curves and effects of different parameters

Using MATLAB 7.0 program, the frequency response Egs. (45), (46) at primary case and
Egs. (48), (49) at super harmonic case have been solved. For the uncontrolled system at b = 0, the
frequency response curve of Duffing oscillator system at primary resonance case are presented as
displayed in Fig. 11, where the dashed line is an unstable region and the continuous line is a stable
region. At this figure, we observed that, the steady-state amplitude increases during increasing
F; ,increasing the unstable region and bents to left indicating to nonlinear softening spring and
jumps phenomenon is occurrence. The difference between the FRC of uncontrolled system at two
studied resonance cases has been shown in Fig. 12.
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The phase portrait of the uncontrolled system has been shown in Fig. 13 for case (1) at b =0,
6), = 0, the linear equations @ = f;(a, 8,), 6, = f»(a, 8,) we obtain the critical points obtained
from putting @ = 0, 8, = 0. Then, the previous linear system can be rewritten in the matrix form
V = JV where the Jacobian matrix:

of;
da
I'=\ay,
P

0fi

of
26

AR

We explain the phase portrait classifications for values of the eigenvalues 4;, 4, which
obtained from det[J] —AI] = 0. Because of the eigenvalues take the complex formula
(A2 =a X ib,a <0,b > 0), the equilibrium point is classified as the asymptotically stable spiral

(spirals in) point at (0.06468, 2.77098+6.28319 k), (k € Integers) as in Ref [25].

0.4

0.3

Fig. 11. Effect of different values the external excitation force

F; at F3 = 0 of the unabsorbed system when b = 0

0.2

0.15

Q.1
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Fig. 12. Comparison of the FRC of uncontrolled system at
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F, =0.01,F; =0andat F; =0, F; = 0.01

Fig. 13. Phase plane of the uncontrolled beam when
F; =0.01, F3 =0, 0, =0 similarly orat F; =0, F; = 0.01,0; =0
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Figs. 14 and 15 show that the FRC for the controlled system at the practical case (a # 0,
b # 0), where Fig. 14 displays the steady-state amplitude for the essential system (a against ;)
and Fig. 15 displays the steady-state amplitude for NIPPF controller (b against oy ). The
comparison of the FRC for the controlled system at two studied cases has been shown in Fig. 15.
Also, we observed that the FRC at the primary case resonance is stretched to three times of the
FRC at the super harmonic resonances. The comparison between FRC of an uncontrolled system
and the system with NIPPF control is presented in Fig. 16. From this figure after using the
controller, we obtain a good vibration suppression bandwidth compared to before using the
controller.

0.4 0.4
0.3 0.3
@ 0.2 o 02
R
0.1 \ L 0.1 “’\-\}
N I R
=1 —0.8 0 0.5 1 —1 —0.5 0 0.5 1
0'1 Gl
Fig. 14. The FRC of Fig. 15. The FRC of
controlled system (a against oy) controlled system (b against o7)
0.2 0.4
0.15 1
L\ &8 (O-| ] ”) (o, ¢)
k- \ (o3, ) g F=001,F,=0 F—l].l’:‘—l]l)l
& o @.a "\ NI\ F=0.rF=00] £ 02 Skl =520
E = = | B
F=001.F=0
< oos . ) < a1

| —0.5 [} 0.5 1 -1 -0.5 0 0.5 1
Detuning Parameter Detuning Parameter

a) b)
Fig. 16. Comparison of the FRC of controlled system at F; = 0.01, F; =0 and at F; =0, F; = 0.01

0.2 T T T T T T

015 Uncontrolled system

controlled system

o 01 [

005

0
-1 -0.8 —0.6 —0.4 —0.2 0 02 0.4 08 08 1

Fig. 17. Comparison between the FRC of an uncontrolled system and controlled system

From the above figures, we can discuss the effects of the parameters in one studied resonance
case, and the second is similar.

The influences of different parameters on the FRC at the primary case (0, against a ) and (o
against b) are given in Figs. 18 and 19. In Fig. 18(a), (b), we show the FRC of the harmonic force
amplitude F; for the essential system and the restrainer, respectively. Also, this figure shows that
the more increasing in the harmonic force amplitude the more bending away of the FRC away
from the linear curves. This resulted in jump phenomenon and multi-valued regions. The later can
be seen when the solution isn’t equal zero at g; = 0.

The influence of the linear damping &, on the FRC for the essential system, and the absorber
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is illustrated in Fig. 18(c), (d), respectively. By increasing the values of the linear damping, the
essential system amplitude and the absorber amplitude decreases, the unstable region decrease
until all figure becomes stable.

The effects of the linear natural frequency wg for essential system and controller appears in
Fig. 18(e), (f). By decreasing the values of the linear natural frequency, the essential system
amplitude decreases, the stable region increases and the vibration suppression bandwidth for the
essential system and the controller increases. As a result of that, we knew the small linear natural
frequency is suitable for the NIPPF controller to reduction the vibration.

The influence of the weak non-linear stiffness coefficient x5 on the FRC of the essential system
and the absorber are shown in Fig. 18(g), (h), respectively. A softening-type spring nonlinearity
appeared as a result of the bending to left for the FRC for the essential system and the absorber.
In Fig. 18(g) when using the small values of k,, we find increasing the left peak amplitudes but
decreasing the right peak amplitudes for the main system. In contrast to that, when using the small
values of kg, we notice decreasing the left peak amplitudes but increasing the right peak
amplitudes for the controller.

Fig. 18(i), (j) displays the effects of the positive scalar feedback gain K;, on the FRC of the
main system and the controller, respectively. Fig. 18(i) displays the increasing of feedback gain
K, , the vibration suppression bandwidth become wider and the right peak amplitudes are
monotonic increasing for the main system amplitude. In Fig. 18(j) when the solution isn’t equal
zero at g; = 0 with the increasing of feedback gain K,,, the controller amplitude will decrease.

The effects of the integrating gain K,, on the FRC of the main system and the controller are
showed in Fig. 18(k), (1), respectively. This figure appears the decreasing of peak amplitudes for the
main system and the absorber, the increasing in stable region when increasing of integrating gain.

Fig. 18(m), (n) indicates that for growing values of the linear damping for the absorber &, the
steady-state amplitudes for the essential system and the controller are reduced, and the unstable
region is decreased until total figure become stable. Also, we noticed that at ¢; = 0 the amplitude
of the main system moving away from zero, which is supposed to reach zero at primary resonance
case (1 = ws that occurs at g; = 0, therefore, it is preferable to take a small value for the
variable &y.

Fig. 18(o) illustrates that for large values of the controller gain for the PPF control 4,, the
vibration suppression bandwidth is wider and the right peak amplitudes are monotonic increasing
for the main system amplitude. Fig. 18(p) displays that the absorber peak amplitudes increases.

The effects of the controller gain of the IRC control A,, on the FRC of the essential system and
the absorber are shown in Fig. 18(q), (r), respectively. By increasing the Controller gain for the
IRC control, the peak amplitudes of the essential system and the absorber decrease, the unstable
region decrease until all figure become stable.

Fig. 18(s), (t) shows the FRC of the essential system and the absorber by varying the value of
the detuning parameter o,. Now, we notice that for o, = —0.2, the steady-state amplitudes of
essential system and the absorber are minimize when g, = —0.2. For g; = 0, the steady-state
amplitudes of essential system and the absorber are minimize when o, = 0. Finally, for o; = 0.2,
the steady-state amplitudes of essential system and the absorber are minimize when g, = 0.2.
Accordingly, the steady-state amplitudes of essential system and absorber are minimize when
01 = 0y 1.e. (A = wy).

Fig. 19(a), (b) shows that when changing the sign of weak non-linear stiffness coefficient x,
the amplitude for the essential system a and the amplitude of absorber b is curved to the right
denoting a hardening-type spring nonlinearity.

The influence of the nonlinear term coefficient § at F; = 0.009, F; = 0 on FRC of the essential
system and the absorber is presented in Fig. 20. Moreover, varying o, versus the amplitude for
the essential system a and amplitude of the absorber b, are depicted in Figs. 21 and
22 respectively. Therefore, the steady-state amplitudes of base system and absorber is minimized
when g, = 0.
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Fig. 19. The frequency response curve when changing the sign of kg
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Fig. 20. Sensitivity of the frequency response curve when with change its sign at F; = 0.009, F3 =0

ISSN PRINT 1392-8716, ISSN ONLINE 2538-8460, KAUNAS, LITHUANIA 1 47



THE EFFECTIVENESS OF NONLINEAR INTEGRAL POSITIVE POSITION FEEDBACK CONTROL ON A DUFFING OSCILLATOR SYSTEM BASED ON PRIMARY
AND SUPER HARMONIC RESONANCES. Y. A. AMER, A. T. EL-SAYED, A. M. ABDEL-WAHAB, H. F. SALMAN

04

02

0.15 03

0.05 0.1

0 ]
=1 —05 0 05 1 -1 =05 ] 05 1

o, o,

Fig. 21. Effective of 0, on tl_le FRC (a against 0,)  Fig. 22. Effective of o, on the FRC (b against 0;)

We observed the rapprochement between the analytical and the numerical solution of the FRC
as in Figs. 23 and 24 in two resonance cases of study, respectively. From these figures, all
predictions based on evidence of the analytical solution are at extremely valid coincidence with
the numerical solution.

0.2 0.4
Unstable Solution = = =
1 0.3 Stable SOIUtION  ee—
o ? | Rk-4soluion
@ 01 \ 2 02
1
0.05 ' 01
(o]
0 o
-1 —0.5 ] 0.5 1 ¥
G] CF]
a) b)

Fig. 23. FRC and numerical solutions at F; = 0.01, F; =0

02 04
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Stable Solution
PELR 03 | RK-4Solution
L = 02 f
0.05 01t
0" s 5
=d =05 o 05 1 -1 —0.5 0 05 1
b G,
a) b)

Fig. 24. FRC and numerical solutions F; = 0, F3 = 0.01
4.2. Comparison between time response solutions of the MSPT and the RK-4 methods

Applying the condition for a steady-state solution, thatis, @ = b = , = ), = 0 at the primary
resonance case or ¢ = d = 0, = 6; = 0 at the super harmonic resonance case, the comparison
between the numerical solutions of Egs. (1) and (4) for NIPPF control and the analytical solutions
given by Egs. (31)-(34) in case of the primary resonance case or Egs. (36)-(39) in case of the super
harmonic resonance has been declared as in Fig. 25. The dashed lines indicate the modulation of
the amplitudes for the generalized coordinate u, v. On the other hand, the continuous lines
represent the time history of vibrations, which acquired numerically as solutions of the original
equations of the system with NIPPF controller. From this figure, we found that the two studying
cases of resonance are applicable to each other at the steady state solution. Also, there is a good
agreement between analytical and numerical solutions.
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AR
N S

with the primary resonance case (0 = w,, wy = w orat F; =0, F3 = 0.01
with the super harmonic resonance case (Q = w;/ 3, wy = wy)

5. Comparison between the previous works and this work

In a previous work [8], the authors studied the influence of the use of the NES for passive
control vibration under bi- frequency harmonic force through considering x and y the
(non-dimensional) displacement of the principle non- linear oscillator. They applied MSHBT, to
find the relevant amplitude modulation equations. Three situations have been investigated for the
external harmonic excitation: 1:1 resonance, 1:3 resonances, and concurrent 1:1 and 1:3
resonances. Analytical and numerical solutions, for the principle non- linear oscillator are
displayed at primary, sub harmonic and primary and sub harmonic resonance.

Firstly, we adjusted the equation of Ref. [8] by considering only x (non-dimensional)
displacement of the principle non- linear oscillator. We utilized NIPPF absorber was offered as
the best controller compared to the other controllers to control the vibration system as shown in
this paper.

Secondly, we applied the MSPT to get a solution of the studied system and examined the
stability of this system.

Finally, we have succeeded in reducing the steady-state amplitude of the main system to
99.183 % after using NIPPF absorber from its value before absorber. For obtaining the effective
NIPPF controller, we have found that it is necessary tuning the controller natural frequency to the
external excitation frequencies ({1 = wy).

The authors declared no potential conflicts of interest with respect to the research, authorship,
and/or publication of this article.

6. Conclusions

In this article, the numerical comparison of the evolution of time between three different types
of control, which are IRC, PPF and NIPPF controllers on the basic system. We found that the best
in terms of reducing vibration at a high rate and after a short time is NIPPF controller. Then, a
Duffing oscillator system connected to NIPPF was introduced with three coupled differential
equations. These equations have been solved analytically by using MSPT approximation. The
FRE has been obtained near the primary resonance and super harmonic resonance. After that we
have investigated the effects of the parameters to present the amplitude performance of the system
and NIPPF. The stability study is completed to define the stable boundary of the control variables.
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From this research, the highlighted points can be summarized as following:

1) By using NIPPF controller, the steady-state amplitude is decreased to 99.18 % from its value
before control, which proved that this control is the best compared to use of the IRC or PPF
controllers.

2) The effectiveness of the absorber E, is about 33.29 when using PPF controller and about
121.86093 after using NIPPF controller for the main system.

3) The amplitudes of a Duffing system a and the controller b are increased when increasing
the values of F; and A,,.

4) At decreasing the value of, A, and K,,, the amplitude of the main structure a and the
controller b are increased.

5) For increasing the values of &, K, and g,, the amplitude of the main structure a decreased
and the amplitude of the controller increased.

6) The FRC of Duffing system and the controller are curved to the right denoting a
hardening-type spring nonlinearity when changing the sign value of k.

7) The best performance for the amplitude vibration reduction which reach to zero when
o, = 0, (Q = wy) and similarly when g, = g5 (Q = wy/3).

8) There are good agreements when make a comparison between the approximate and the
numerical solutions at time history and the FRC as presented in Figs. 23, 24 and 25 at two cases
of study, respectively.
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03 N2 N3 4 .
T'41 = a_o - Zrlao -+ 4_Obg + b_COS(Qbo), T'42 = rzz = a_osln(eao),
0, a3 F3 20,

2[5
=— = — 9 - 9 b )
T43 b, 4b, * bo by OCOS( a0) o COS( o) + 072

byl a
Tys = ( s s 0) sin(Byo),
QAo o _
q11 = T2, g1z = —2I6c0s(0c0), G153 = —Tssin(By0), qra = —Tsdocos(By0),
30; 3 I3 2Ty .
q21 = ? - ZF1 Co — E' 22 = c_osm(GCO)'
—Is Id, .
G253 = —c05(B40), Gaa = ﬂSm(gdo):
Co Co
q31 = N35in(Bgp), Q32 =0, Q33 =11, q3a = 1N3C0C08(040) (58)
qs1 = i —Ice — d2 21 ——c05(B40), Qa2 = Gz2 = &sin(g o) (59
o 4 4 Co do Co ¢
o c? F 2T 2l
qa3 = - ° = e cos(B0o) — C05(9d0) + do72, (60)

dy 4dy ' dy doco

d,T
qas = ( o5 773Co) sin(By0). (61)
Co dg
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