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Abstract. Results of experimental investigations of vibrations of a circular plate under impact 
loading are presented. In such structures when there are small defects causing non-symmetry, such 
as Braille elements, transient beating phenomenon is observed. Simplified mathematical model 
for the investigation of this experimentally determined transient beating phenomenon is proposed 
and numerical results based on this model are obtained and investigated. From the presented 
results qualities of the envelope function in the investigated transient beating phenomenon are 
determined.  
Keywords: experimental investigation, impact loading, decay of vibrations, symmetric structure, 
Braille elements, mathematical model, numerical model, eigenmodes, beating phenomena. 

1. Introduction 

Results of experimental investigations of vibrations of a circular plate under impact loading 
are presented. From the performed experimental investigation, it was determined that in such 
structures, when there are small defects causing non-symmetry, such as Braille elements, transient 
beating phenomenon is observed. 

Simplified mathematical model for the investigation of this experimentally determined 
transient beating phenomenon is proposed. The model is based on the modal equations for two 
almost multiple eigenmodes. Using as the basis this mathematical model numerical results are 
obtained and investigated. From the presented results qualities of the envelope function in the 
investigated transient beating phenomenon are determined. 

The structure of the paper is the following one: 
1) Experimental results are presented, from the results of measurement at some of the points 

of the structure transient beating phenomenon is observed. 
2) Simplified mathematical model of the transient beating phenomenon, which was obtained 

in some of the measurement points of the previously described experimental investigation, is 
proposed and described. 

3) Results of numerical investigations using this mathematical model are presented in detail 
and their qualities, that is qualities of the envelope function of transient vibrations, are discussed. 

Numerical model for transient beating phenomenon investigated in this paper is based on 
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equations for eigenmodes presented in [1]. Modal decomposition of equations describing 
dynamics of linear elastic systems is also described in [2]. Basic material for solution of problems 
of this type is also presented in [3]. Beating phenomenon in the interpretation of experimental 
moiré images is investigated in [4]. Contemporary methods of investigation of dynamics of 
vibrating systems are described in [5]. Basic problems of vibrations and their investigations are 
presented in [6]. Mechanical vibrations and their analysis are described in [7]. Basics of processes 
of vibrations and their engineering applications are presented in [8]. Numerical procedures for 
investigation of dynamics of nonlinear systems are described in [9]. Applied procedures of 
numerical analysis are presented in [10]. Investigations of approximations in numerical 
calculations are presented in [11]. Bending analysis of laminated sector plates with polar and 
rectilinear orthotropy is performed in [12]. Buckling of orthotropic plates under in-plane loading 
is investigated in [13]. Analysis of bending of sector plates by contemporary numerical methods 
is described in [14]. Friction between finger skin and material surfaces is investigated in [15]. 
Physical relationships for paper and other similar materials are presented in [16]. Investigations 
of longitudinal vibrations of the rollers in a folding machine are performed in [17]. Vibrations of 
rotating elements in a folding machine are investigated in [18]. Effect of dynamic regime of rollers 
of pocket folding machine to quality of printing products is analyzed in [19]. Technical 
characteristics of laser displacement measurement head “Microtrack LTC 200-100” are given in 
[20]. Analysis of creasing and folding of paperboards is performed in [21]. Polymer film 
packaging for food and other products is investigated in [22]. New materials for packaging based 
on multilayer films are described in [23]. In-plane vibrations using time averaged stochastic moiré 
are investigated in [24]. Analysis of multilayer materials by moiré interferometry is described in 
[25]. Investigations of vibrations using time averaged shadow moiré are presented in [26]. As a 
fundamental book on time averaged moiré fringes [27] can be recommended. Experimental 
methods for two dimensional elastic structures are presented in [28]. Computer processing of 
experimental images is described in [29]. Basic book on the experimental method of holographic 
interferometry is [30]. 

The obtained results are used in the process of investigation of decay of vibrations of elements 
of symmetric structures with Braille elements. 

The purpose of this paper is to propose a mathematical model for beating phenomenon in 
transient processes and to present experimental as well as numerical investigations of this 
phenomenon. 

2. Experimental setup for the analysis of vibrations and transient beating phenomenon 

For qualitative estimation of vibrations of the investigated structure the vibrometer Polytec 
PSV – 500 was used. Schematic representation of the experimental setup is shown in Fig. 1. 

 
Fig. 1. Schematic representation of the experimental setup: 1 – exciter of vibrations (shaker),  

2 – the investigated object, 3 – scanning heads Polytec PSV – 500,  
4 – vibrometer Polytec PSV – 500, 5 – personal computer 
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This experimental setup enabled to register vibrations in transient processes and to determine 
the transient beating phenomenon described further. One is to note high precision of the 
experimental procedure of registration of transient vibrations using this type of experimental setup. 

3. Experimental investigations of decay of vibrations and transient beating phenomenon 

Circular plate under impact loading is investigated. Results of investigation of vibrations for 
various measurement points are presented in Fig. 2. 

 
a) Measurement point number 1 

 
b) Measurement point number 2 

 
c) Measurement point number 3 

 
d) Measurement point number 4 

 
e) Measurement point number 5 

 
f) Measurement point number 6 
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g) Measurement point number 7 

 
h) Measurement point number 8 

 
i) Measurement point number 9 

 
j) Measurement point number 10 

 
k) Measurement point number 11 

 
l) Measurement point number 12 

Fig. 2. Experimental results of decay of vibrations for various measurement points 

From the presented results decay of vibrations is clearly seen. In some of the presented results 
transient beating phenomenon is observed, which is caused by small defects such as Braille 
elements. 

By transient beating phenomena in this investigation is assumed the behavior of the decaying 
envelope function of lower frequency than the observed high frequency vibrations. As seen from 
the presented experimental results this phenomenon is clearly seen in only some of the 
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measurement points of the structure, while in some of the points it is not so clearly seen. Using 
the presented experimental results as the basis it is determined that the results of measurements 
substantially depend on the location of the measurement points. 

Further the simplified mathematical model for this experimentally observed transient beating 
phenomenon is proposed and numerical investigations are performed. 

4. Mathematical model for the numerical investigation of transient beating phenomenon 

It is assumed that two eigenmodes of the structure are excited. Modal equations for free motion 
have the form: 𝑧ሷ௜ + 2𝜔௜𝜁௜𝑧ሶ௜ + 𝜔௜ଶ𝑧௜ = 0, (1) 

where 𝑧௜  are the coefficients of the eigenmodes, 𝜔௜  are the eigenfrequencies, 𝜁௜  are the modal 
damping coefficients, upper dot denotes differentiation with respect to time and the number of the 
eigenmode: 𝑖 = 1,2. (2) 

It is assumed that both eigenmodes equally contribute to the resulting displacement 𝑢, that is: 𝑢 = 𝑧ଵ + 𝑧ଶ. (3) 

The following initial conditions are assumed in the investigation presented further: 𝑧ଵሺ0ሻ = 𝑧ଶሺ0ሻ = 0, (4) 

and: 𝑧ሶଵሺ0ሻ = 𝑧ሶଶሺ0ሻ = 10. (5) 

The following values of modal damping coefficients are assumed in the investigation presented 
further: ζଵ = ζଶ = 0.01. (6) 

The first eigenfrequency is assumed to be given by the following relationship: 𝜔ଵ = 1 − 𝜀 𝑗 − 115 , (7) 

and the second eigenfrequency is assumed to be given by the following relationship: 𝜔ଶ = 1 + 𝜀 𝑗 − 115 , (8) 

where 𝜀 denotes the parameter of the investigated model. In the investigation presented further it 
is assumed that 𝑗 has the numerical values given by the following equation: 𝑗 = 1,2, … ,16. (9) 

In the investigation presented further it was assumed that the parameter of the investigated 
problem is: 
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𝜀 = 0.1. (10) 

Further results of numerical investigations of the proposed mathematical model for transient 
beating phenomenon are presented. 

5. Results of numerical investigation of mathematical model for transient beating 
phenomenon 

Results of numerical calculation of displacement as a function of time for various values of 𝑗 = 1, 2, …, 16 were obtained and investigated. Some of the obtained results are presented in 
Fig. 3. 

 
a) 𝑗 = 2 

 
b) 𝑗 = 4 

 
c) 𝑗 = 6 

 
d) 𝑗 = 8 

 
e) 𝑗 = 10 

 
f) 𝑗 = 12 

 
g) 𝑗 = 14 

 
h) 𝑗 = 16 

Fig. 3. Displacement as a function of time for various values of difference of eigenfrequencies 

From the performed investigations it was determined that the period of the envelope function 
decreases when the difference of the eigenfrequencies increases. In Fig. 3(a) the envelope function 
has no peaks in the investigated interval, in Fig. 3(b) the envelope function has one peak in the 
investigated interval, in Fig. 3(c) the envelope function has two peaks in the investigated interval, 
in Fig. 3(d) the envelope function has three peaks in the investigated interval, in Fig. 3(e) the 
envelope function has four peaks in the investigated interval, in Fig. 3(f) the envelope function 
has five peaks in the investigated interval, in Fig. 3(g) the envelope function has six peaks in the 
investigated interval, in Fig. 3(h) the envelope function has seven peaks in the investigated  
interval. 

The envelope function for a different problem with beating phenomenon was investigated in 
the earlier paper [4] and it was expressed by using the zero order Bessel function of the first kind 
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𝐽଴. In this problem the envelope function is given by the transient zero order Bessel function of 
the first kind 𝐽଴௧௥௔௡௦. Properties of this envelope function are seen from the presented graphical 
results. 

The main conclusion is that the period of the decaying envelope function decreases with the 
increase of the difference between the two almost multiple eigenfrequencies. This difference of 
almost multiple eigenfrequencies is caused by Braille element or some other type of small defect 
of the structure. 

All authors declare that all of them have made contributions to the paper. On this basis 
contributions of all coauthors are acknowledged. 

6. Conclusions 

Results of experimental investigations of vibrations of a circular plate under impact loading 
are presented. In such structures when there are small defects causing non-symmetry, such as 
Braille elements, transient beating phenomenon is observed. 

Simplified mathematical model for the investigation of transient beating phenomenon 
previously observed in the experimental investigations is proposed and numerical results are 
obtained and investigated. From the performed investigations it was determined that the period of 
the envelope decreases when the difference of the eigenfrequencies increases. The envelope 
function for different problem investigated in the earlier paper was expressed by using the zero 
order Bessel function of the first kind 𝐽଴. In this problem the envelope function is given by the 
transient zero order Bessel function of the first kind 𝐽଴௧௥௔௡௦. Properties of this transient zero order 
Bessel function of the first kind, representing the envelope function, are seen from the presented 
graphical results. 

As presented above in this paper a mathematical model for beating phenomenon in transient 
processes is proposed and experimental as well as numerical investigations of this phenomenon 
are performed. 

The obtained experimental as well as numerical results are used in the process of investigation 
of decay of vibrations of elements of printing devices and symmetric structures with Braille 
elements. 
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