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Abstract. The objective of the present work is to investigate the induced stress and deformation 
of a crank shaft. For this purpose, Variable Compression Ratio (VCR) engine is tested at 16.5 
compression ratio. Peak pressures were recorded at various crank angles. A Matlab code is 
generated for dynamic analysis. For structural analysis and factor of safety, a three dimensional 
model crank shaft was developed using solid works. Finite element analysis of AISI E4340 Forged 
steel and Aluminum alloy 7076-T6 materials are carried by using analysis software ANSYS. The 
obtained results are equivalent Von-Mises stress, total deformation and factor of safety at different 
crank angles for the two materials are analyzed. It is concluded that Aluminum alloy exhibits 
better results than forged steel. 
Keywords: VCR, alloys, von-misses stress, factor of safety, dynamic analysis, Ansys. 

Nomenclature 

 Mass of piston 
 Mass of connecting rod 

 Weight of piston 
 Weight of crank 
 Weight of connecting rod 

 Crank angle 
 Angle of angular displacement of connecting rod with respect to line of motion of piston 
 Displacement of piston 
 Radius of crank 
  Radius of crank from center of gravity 
 Radius of connecting rod from center of gravity 
 Length of connecting rod 
 Linear velocity of piston 
 Linear acceleration of piston 
 Angular velocity of connecting rod 

 Speed of crank 
 Slenderness ratio 
 Inertia force of piston 
 Gas pressure force on piston 
 Normal reaction on piston 

 Pin force at piston end along -direction  
 Pin force at piston end along -direction 
 Pin force at crank end along -direction 
 Pin force at crank end along -direction 

 Moment of Inertia of connecting rod about center of gravity 
 Moment of Inertia about its center of Slider crank 

https://crossmark.crossref.org/dialog/?doi=10.21595/mme.2018.19616&domain=pdf&date_stamp=2018-03-31


44. SOME STUDIES ON MATHEMATICAL MODELING AND DYNAMIC STRESS ANALYSIS OF A VARIABLE COMPRESSION RATIO DIESEL ENGINE 
CRANKSHAFT. K. SATYANARAYANA, P. V. J. MOHAN RAO, I. N. NIRANJAN KUMAR 

2 MATHEMATICAL MODELS IN ENGINEERING. MARCH 2018, VOLUME 4, ISSUE 1  

 Weight of fly wheel 
 Inertia force of the crank shaft 

1. Introduction 

The work output of the diesel engine depends on the torque conversion in combustion chamber. 
Better torque conversion is possible only when the heat energy pushes the piston axially downward 
direction. For better torque conversion, crank shaft plays a vital role. Since diesel engine 
combustion is heterogeneous process [1] the crank shaft is subjected to several progressive cyclic 
bending and torsion loads induced by the pressure waves generated from the combustion 
phenomena [2, 3]. In order to reduce the failure, the crankshafts are case hardening and nitriding 
[4, 5]. Several studies prove that, nitriding proves to be the best and the most effective method to 
increase fatigue resistance [6]. To increase the hardness and wear resistance, some surface 
treatment methods are also used without modifying the mechanical properties, but these methods 
have also failed in recent demonstration [7, 8]. Literature on crankshaft failure and stress analysis 
reveals that, K Satyanarayana et.al [9, 10] investigated the stress induced in the crank shaft AISI 
E4340 forged steel and determined the pin forces and bearing reactions with respective crank 
angles. Silva [11] from experimental investigation on journal bearings, there are three main root 
causes of failure of journal bearings, namely, operating, mechanical and repairing. Zoroufi and 
Fatemi [12] in their review article the effect of influential parameters like residual stress on fatigue 
behaviour and the methods of inducing compressive residual stress in crankshafts. In paper  
[13-17] an attempt was made to analyze the crank shaft with two alloys and their effect on the 
mechanical behaviour. 

2. Methodology 

Experimentation was carried out on a four stroke single cylinder variable compression ratio 
(VCR) diesel engine; the technical specifications are shown in the Table 1. The engine is loaded 
with eddy current dynamometer as shown in the Fig. 1 and the engine is tested under different 
loads i.e. no load to full load (3.7 kW) with a compression ratio 16.5. Cylinder pressures and 
volume are measured at every crank angle. The maximum gas pressures at different crank angles 
were taken from the experimental data for simulation and analysis of Von Mises stress and 
deformation of the crank shaft [18-22]. The materials used for analysis are shown in the Table 2. 

Table 1. Technical specifications of the engine 
S. No. Features  Specifications  

1 Make  Kirloskar engine 
2 Type  4 Stroke single cylinder water cooled 
3 Speed  1500 rpm  
4 Crank radius 55 mm 
5 Connecting rod length 300 mm 
6 Cylinder diameter 80 mm 
7 Compression ratio Variable  
8 Stroke length 110 

Table 2. Material properties 

S. No. Property Material 
Forged steel (AISIE4340) Aluminum alloy (7076-T6) 

1 Density 7850 kg/m3 2840 kg/m3 
2 Poisson’s ratio 0.29 0.33 
3 Young’s modulus 205 GPa 67 GPa 
4 Yield strength 470 MPa 470 MPa 
5 Ultimate strength 745 MPa 510 MPa 
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2.1. Variable compression ratio diesel engine 

The setup consists of single cylinder, four stroke Variable compression ratio diesel engine 
connected to eddy current dynamometer for loading the compression ratio change without 
stopping the engine and without alerting the combustion chamber geometry by specially designed 
tilting cylinder block arrangement. Setup is provided with necessary instruments for combusting 
pressure and crank-angle measurement. These signals interfaced to computer through engine 
indicator for p-v diagrams are shown in Fig. 2. The set up enables to study the for VCR engine 
performance for brake power, indicated power, frictional power, BMEP, IMEP, brake thermal 
efficiency, indicated thermal efficiency, mechanical efficiency, volumetric efficiency, specific 
fuel consumption and heat balance. 

 
Fig. 1. Experimental setup of computerized variable compression ratio (VCR) diesel engine 

 
a) 

 
b) 

Fig. 2. a) PV-diagram and, b) variation of pressure force with crank angle  
and volume at variation of pressure (Pθ-diagram) 

PV-diagram is plotted for Experimental Results of Test Conducted VCR Diesel Engine at 
Compression Ratio 16.5. The dynamic analysis is carried out by developing the equations of 
equilibrium from the Free Body Diagrams (Figs. 4-6) of individual components of Slider-Crank 
Mechanism (Fig. 3). The forces induced at the pin joints and inertia forces obtained from the 
dynamic analysis were used as input for further analysis. Further, the critical angles, at which the 
inertia forces or pin forces, are maximum or minimum, are also determined from the dynamic 
analysis [23]. A three dimensional model of diesel engine crankshaft is developed by using SOLID 
WORKS software (Figs. 7 and 8). And further analysis is carried out by using ANSYS 
WORKBENCH 15.0 software. 

2.2. Kinematic analysis 

Kinematic Analysis involves determination of linear displacement, linear velocity, linear 
acceleration of piston, angular displacement, angular velocity and angular acceleration of 
connecting rod. It is assumed that the crankshaft rotates at a constant angular velocity. 
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Fig. 3. Slider-crank mechanism 

Kinematics of piston: 
– Displacement of piston: 

= 1 − cos + sin  2 . 
– Velocity of piston: 

= sin + sin2 . 
– Acceleration: 

= cos + cos22 . 
Kinematics of connecting rod: 
– Angular velocity of connecting rod ( ). 
– Acceleration of piston ( ). 
Kinematics of crank: 
– Angular velocity of crank = 2 60⁄ . 

2.3. Dynamic analysis 

Taking the Kinematic parameters and pressure force acting on piston into consideration the 
Dynamic analysis of total mechanism is carried out. The first step in this direction is to draw the 
free body diagram of each of the members and identify all the forces which include the reactive 
forces of the constraints, inertia forces, weight of members and external forces acting on them. 

The equations of equilibrium for piston are: = − , (1)= − . (2)

The equations of equilibrium for crank are: = cos − ,  (3)= − sin − .  (4)

Similarly, the equations of equilibrium for connecting rod are: = sin + cos − ,  (5)= cos − sin − − .  (6)
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Considering moments about B and rearranging the terms, we get: 

= + − cos − sincos . (7)

The above seven Eqs. (1) to (7) are solved simultaneously in the obtaining the forces , , 
,  and . 

 
Fig. 4. Free body 
diagram of piston 

 
Fig. 5. Free body diagram  

of crank 

 
Fig. 6. Free body diagram  

of connecting rod 

2.4. Geometric modeling of crank shaft using solid works 

 
Fig. 7. Crank shaft 3D model 

 
Fig. 8. Actual crankshaft in solid works 

2.5. Finite element analysis  

Finite element method is a numerical analysis technique for obtaining the approximate 
solutions to a wide variety of engineering problems. Although it was originally developed to study 
stresses in complex airframe structures, it has been extended and applied to the broad field of 
continuum mechanics. Because of its diversity and flexibility as an analysis tool, it is receiving 
much attention in engineering schools and industry. The finite element method has become a 
powerful tool for the numerical solution of a wide range of engineering problems. Advances in 
computer technology and CAD systems, has led to increased use of FEM in research as well as 
industry, as complex problems can be modeled and released with relative ease. To carry out 
kinematic and dynamic analysis of a crank shaft using output of a test conducted on computerized 
V. C. R Kirloskar diesel engine equipment with pressure transducer. Normally the stress analysis 
has to be carried out at all analysis of rotation. However, this is time consuming and requires lots 
of computational time, so the analysis is limited to specific position of crank angles, and such 
analysis is termed as quasi-dynamic analysis. The ANSYS Workbench platform automatically 
forms a connection to share the geometry for both the fluid and structural analysis, minimizing 
data storage and making it easy to study the effects of geometry changes on both analysis. In 
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addition, a connection is formed to automatically transfer pressure loads from the fluid analysis to 
the structural analysis. The element used for analysis is 3-D Node Tetrahedral Solid. The model 
is fine meshed, and the number of elements is 2,99,533 and the number of nodes is 4,48,642. The 
results are presented for both structural stress analysis and fatigue analysis at all critical angles of 
rotation. This analysis is carried out for both materials [24]. In dynamic analysis the equations of 
equilibrium are written for each of the links individually. The equations of equilibrium are further 
solved to obtain the forces at the joints. While writing the equations of equilibrium, the inertia 
force on the piston, connecting rod and crankshaft are also considered. 

 
Fig. 9. Finite element meshing of crankshaft 

3. Results and discussion 

3.1. Results of dynamic analysis 

Taking the kinematic parameters and pressure force acting on piston into consideration, the 
dynamic analysis of crank shaft is carried out. The free body diagram of the crank shaft is shown 
in Fig. 5. Further a Matlab program is developed from the equations of equilibrium to identify the 
crank angles where maximum axial and normal forces occur at crank pin and bearings supports. 
The results obtained from the program is plotted in the Figs. 10 and 11 and are reported in the 
Table 3. It was found that the maximum values are obtained at crank angles of 365°, 490°, 540° 
and 590°. Thus, the structural analysis of the crank shaft is restricted to these crank positions only. 
For structural analysis of the crank shaft the Solid model is converted into a FEA model and the 
results are obtained after applying the structural boundary conditions [25-29]. 

Table 3. Maximum axial and normal forces at crank pin and bearings supports 
Crank 
angles 

Axial force at bearing 
supports (n) 

Normal force at bearing 
supports (n) 

Axial force at 
crank pin (n) 

Normal force at 
crank pin (n) 

365 –20957 –1879.5 24871 2011.4 
490 172.9580962 –5796.479455 3651.618314 5711.003166 
540 5704.081067 –106.810845 –1777.844803 –25.62320209 
590 –318.0471309 5090.474419 4345.584061 –5175.18078 

 
Fig. 10. Variations of axial and normal forces at bearings vs crank angle 
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Fig. 11. Variations of axial and normal forces at crank pin vs crank angle 

3.2. Structural stress analysis 

The stress analysis is carried for AISI E4340 Forged steel and Aluminum alloy 7076-T6 
materials at critical angles of 365, 490, 540 and 590 by considering the (Rax, Ray) & (Rox, Roy) 
forces applied at crank pin and bearings supports as shown in Figs. 4, 5 and 6. The Structural 
results of Equivalent stresses and deformations obtained from ANSYS are shown in Table 4.  

 
Fig. 12. Crank angle 365 maximum values of equivalent von-misses stresses and total deformation 

Table 4. Maximum values of equivalent von-mises stresses and total deformation 

Materials at  
crank angle 

Equivalent stresses (MPa) Total deformation (mm) 
Constrained at 

bearings 
Constrained at  

crank pin 
Constrained at 

bearings 
Constrained at  

crank pin 
Forged steel at 365 43.351 170.612 0.0160 0.351 

Aluminum alloy at 365 42.692 166.733 0.0491 1.068 
Forged steel at 490 38.021 52.303 0.007 0.084 

Aluminum alloy at 490 37.152 51.532 0.021 0.256 
Forged steel at 540 3.121 5.991 0.001 0.012 

Aluminum alloy at 540 3.042 5.861 0.003 0.038 
Forged steel at 590 34.532 52.712 0.006 0.086 

Aluminum alloy at 590 34.621 51.832 0.021 0.262 

From the Table 4, it can be observed that stresses and total deformation are more at crank pin 
than at bearing supports. Minimum stresses are obtained at crank angle 540° and maximum 
stresses are obtained at crank angle 365°, as shown in Fig. 12. The order of stresses is same for 
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both materials at all critical angles of rotation but the deformation is almost three times higher in 
Aluminum alloy when compared to forged steel.  

3.3. Fatigue analysis  

During the service life of a crank shaft, they are subjected to several cyclic bending and torsion 
loads induced by the pressure generated from the combustion process and the inertia of the 
components in relative motion. The magnitude of the force depends on many factors which 
consists of crank radius, connecting rod dimensions, weight of the connecting rod, piston, piston 
rings, and pin. Combustion and inertia forces acting on the crank shaft causes two types of loadings 
on the crank shaft structure: torsional load and bending load. Mechanical failures of the 
crankshafts are caused by fatigue phenomena. For improvement of the fatigue resistance they are 
mainly ascribed to both the residual stress field and the surface hardening. Design developments 
have always been an important issue in the crankshaft production industry. In order to manufacture 
a less expensive component with the minimum weight possible, proper fatigue strength and other 
functional requirements, these improvements result in lighter and smaller engines with better fuel 
efficiency and higher power output. 

Hence in the present work, fatigue analysis is also carried at all critical angles for both 
materials and the results of Factor of safety is shown in Table 5. This analysis consists of 
determining the factor of safety for a minimum assumed number of cycles of 106. As the maximum 
factor of safety is to be considered, it can be concluded from the Table 5 that a factor of safety of 
15.1 has to be taken for both materials. 

Table 5. Factor of Safety values at different crank angles 
Materials Crank angle 365° Crank angle 490° Crank angle 540° Crank angle 590° 

Forged steel 3.8078 12.416 15.1 12.332 
Aluminum alloy 5.1532 4.2656 15.1 4.2437 

4. Conclusions 

The Quasi dynamic stress analysis of the crank shaft for two different materials namely Forged 
steel (AISI E4340) and Aluminum alloy (7076-T6) was carried out at a compression ratio of 16.5. 
From the experimental observations and finite element analysis the following conclusions are 
made. 

1) MATLAB program is developed from the equations of equilibrium to identify the crank 
angles where maximum axial and normal forces occur at crank pin and bearings supports. It was 
found that the maximum values are obtained at crank angles of 365°, 490°, 540° and 590°. 

2) For the above crank angles, structural analysis was done using ANSYS and the results 
shows that the stresses and total deformation are more at crank pin than at bearing supports. 
Minimum stresses are obtained at a crank angle of 540° and maximum stresses are obtained at a 
crank angle of 365°. The order of stresses are same for both materials at all critical angles of 
rotation, but the deformation is almost three times higher in Aluminum alloy when compared to 
the forged steel. Thus, Aluminum alloy (7076-T6) exhibits better results in comparison with AISI 
E4340 Forged steel. 

3) Fatigue analysis was also carried at all critical angles for both materials and the results 
shows that the minimum factor of safety of both the materials is found to be 4.24 for Aluminum 
alloy and 3.8097 for Forged steel. The maximum factor of safety is found to be 15.1 for both 
materials. 
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