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Abstract. A systematic method to analyze the trajectory of hook block for polar crane in nuclear 
power plant (NPP) is proposed, in which dynamic equations of the system and the compatibility 
conditions for drum parameters are presented. Properties and formulations of the variables 
involved in these equations are studied in detail. A method to describe the rope-pulley system is 
given and a numerical method is derived to solve the positions and velocities of the common 
tangents that consistent with the reeving ropes between spatial pulleys. Based on these 
displacements and velocities, the angular speeds of pulleys are given to solve the difficulty to 
confirm the rotating directions of pulleys in some rope-pulley systems. A numerical example 
contrasting the dynamic model with corresponding static model is demonstrated to validate the 
systematic method. The proposed method is largely universal and can be a reference for designing 
and analyzing of polar cranes in NPP. 
Keywords: polar cranes, dynamic analysis, rope-pulley system, common tangent between spatial 
pulleys, angular speed of pulley. 

1. Introduction 

Nowadays varieties of cranes are widely used in industrial manufacture. With the rapid 
development of the modern science and technology, the expansion of industrial production and 
the improvement of automation, the requirements of crane are also growing, which makes the 
modern crane developed more durable, specialized and reliable. In particular working 
circumstance such as nuclear power plant, the polar cranes should locate the load in a high 
precision while replacing the reactor fuel or maintaining the heavy equipments. Taking some type 
of polar crane in service for example, the lateral displacement of the load should not be more than 
5 mm while lifting 10 m height. To meet the accurate and reliable requirements, one should know 
how the load moves while the crane works.  

There are many researches about cranes at present. Took the trolley moving into account, the 
controls of the load-deflections were studied in some literatures [1-3], while in literatures [4-6] 
the dynamic responses of the crane structure were discussed. These studies solved many problems 
on operation schemes and structural designs of the cranes, however, most of them simplified the 
rope-sheave system as a pendulum or double pendulum system, or considered the plurality of 
ropes as a flexible cable. In fact, the load’s movement is determined by the interactions between 
ropes and pulleys in the hoisting system. Though many achievements on the interactions have 
been accumulated, much work about combining the achievements with the large hoisting system 
of specific characteristics remains to be finished.  

McDonald [7, 8] presented a pulley element for exact analysis of cables rolling on pulley, in 
which the internal forces and the tangent stiffness matrix corresponding to an equilibrium 
configuration are provided. Based on this study, further work aiming at the possible application 
to practical cable systems is advanced [9] and the finite element analysis with three-node element 
are conducted [10]. However, the pulley element was treated as a plane problem while deriving 
the internal force equilibrium in their researches. Aufaure [11, 12] presented a finite element 
formulation for a length of cable passing through a pulley to study the deformation and dynamic 
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behavior of structures, which treated the pulley as a particle and neglected many details. Zhou [13] 
developed sliding cable elements and pulley models using the massless spring approach for the 
analysis of parachute systems. Ju [14] proposed a parameterized super element formulation for 
modeling the multiple-pulley cables; however, there was no further study about the movement of 
the pulley. Based on the concentrated-mass theory with multi-degree of freedom, Wang [15] 
analyzed the rope wound along helix and established a parametric model which is applicable to 
the case of less pulley. Hong [16] presented a program method to analyze the motion of complex 
cable-pulley mechanism, which could obtain the relationships of each variable; however, the 
method could not be applied to spatial rope-pulley system. In addition, most of the studies 
mentioned in this paragraph ignored the effect of pulley efficiency, which resulted in different 
tension values at two sides of a pulley [17, 18]. 

For the rope-pulley system, the load trajectory is determined by the hoisting speed, the layouts 
of the pulleys and the reeving ways of the ropes. Taking physical structure of the mechanism into 
account, a systematic method for analyzing the load trajectory of rope-pulley system is presented 
in the paper. In addition, the paper is organized as follows: In Section 2, the motion description 
and the dynamic equations are proposed. Section 3 gives the solution strategy for the tangent 
points and its velocities. In Section 4, the relationship of tensions at two sides of a pulley is 
discussed in detail. In Section 5, the compatible condition of rope length is supplement to solve 
the tangent points on drum. In Section 6, a method to solve the angular speeds of pulleys is 
proposed. In Section 7, a numerical example is given to demonstrate the application of the 
proposed method. 

2. Dynamic equations for hook block 

Generally, the hoisting mechanism of the polar crane in NPP consists of drum, fixed pulleys, 
movable pulleys mounted on hook block and ropes reeving through the pulleys. The rope outlet 
usually connects to the drum. For different engineering demands, the reeving way between rope 
and pulleys is different. Fig. 1(a) shows a reeving way as the rope goes through pulleys with one 
end connected to a drum, while the other dead-ended at a fixed point. Fig. 1(b) shows a reeving 
way as the rope branch goes through pulleys with two ends anchored to the two sides of the drum 
separately. The load ascends or descends in accordance with the drum winding or releasing the 
rope. It is obvious that the rotating directions of pulleys in Fig. 1(a) are clear; however, in Fig. 1(b) 
with separate rope branch the rotating directions of pulleys are difficult to confirm and should be 
solved firstly.  

 
a) Rope-pulley system with two rope branches 

 
b) Rope-pulley system with separate rope branch 

Fig. 1. Schematic view of the polar crane in NPP 

The external force on the hook block contains load weight, own gravity and contact forces 
between the ropes and the movable pulleys. Sum of these contact forces are approaching to the 
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total tensions of the ropes connecting to the movable pulleys. However, the directions of the rope 
tensions probably change as the load hoisting, and the trajectory of the load would naturally be 
out of vertical and cause a lateral deflection. In fact, the trajectory is determined by the mechanic 
design, the layouts of the drum and pulleys, and the reeving ways of ropes. The bigger accelerator 
of the hook block causes a bigger deflection in general. Therefor as the system working, the 
operators should strive for a slow speed to keep the motion smooth for the hook block.  

To describe the load trajectory, we create a reference coordinate system (܍ଵ, ,ଶ܍  ଷ) with܍
origin located at the centroid of the hook block and (܍ଵ, ,ଶ܍  ,ଷ) is the initial coordinate system܍
which is the same direction with the global coordinate system. The corresponding current 
coordinate system is denoted by (܍ଵᇱ , ଶᇱ܍ , ଷᇱ܍ ). The unit vectors ܍ଵ, ܍ଶ and ܍ଷ toward the front, the 
right and the upward respectively as shown in Fig. 2. Regarding the hook block as a rigid body, 
its position can be described by the origin displacement ܝ and the axial rotation ી at any given 
time. ܝ and ી can be expressed in component forms as follows: ܝ = ଵ܍ଵݑ + ℎ܍ଶ ଷ, (1)ી܍ଷݑ + = ଵ܍ଵߠ + ଶ܍ଶߠ + ଷ, (2)܍ଷߠ

where ݑଵ denotes the fore-and-aft trajectory, ݑଷ denotes the right-and-left trajectory and ℎ is the 
hoisting height.  

 
Fig. 2. Motion and stress of the hook block 

The variable ી describes the entire rotation of the hook block and it is so small that the relevant 
transforming matrix, which transforms a vector from the current coordinate system to the global 
coordinate system, can be approximated to [19]: ܀ ≈ ۳ + ી,෩  (3)

where ۳ is 3×3 identity matrix and ી෩ is a skew symmetric matrix corresponding to ી: 

ી෩ = ൥ ଵߠ30ߠ− 2ߠ−3ߠ0 ଵ0ߠ−ଶߠ   ൩. (4)

Here and in after, ી෩ means the corresponding skew symmetric matrix of vector ી. 
Denoting the mass of the load by ݉௅, the hook block by ݉௛, the external forces on the hook 

block includes the gravity (݉௅ + ݉௛)܏, the tensions ܎௜௧  and ܎௜௦  at both sides of each movable 
pulley as shown in Fig 2. Assuming the direction of the load weight on mount point of the hook 
block is vertical downward, the dynamical equation for the hook block can be obtained: 
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෍(܎௜௧ + ௜௦)௜܎ + (݉௛ + ݉௅)܏ = (݉௛ + ݉௅)ܝሷ , (5)෍[ܙ௜௧ × ௜௧܎ + ௜௦ܙ × ௜௦܎ − ௜̅߱௜(૑ܬ × ௜ܐ + ߱௜ܐ௜)]௜ + ݉௅ܙ௖ × ܏) − ሷܝ ) = ۸ ⋅ ૑ሶ + ૑ × ۸ ⋅ ૑, (6)

where ܝሷ , ૑ሶ  are acceleration and rotating acceleration of the hook block respectively and: ܝሷ = ሷݑ ଵ܍ଵ + ℎሷ ଶ܍ ሷݑ + ଷ܍ଷ, (7)૑ሶ ≈ ଵ܍ሷଵߠ + ଶ܍ሷଶߠ +  ௜ of theܐ ௜̅ is rotational inertia relative to the shaftܬ ,ଷ. (8)۸ is rotational inertia of the hook block܍ሷଷߠ
movable pulley ݅ and ߱௜ is the angular speed of the pulley. ܙ௖ is the centroid vectors of the hook 
block, and ܙ௜௧, ܙ௜௦ are the vectors from ܙ௖ to the contact points between the pulley ݅ and the spatial 
ropes at the tight-side of the pulley and the slack-side of the pulley respectively in the current 
coordinate system. At initial, they are constant and denoted by ܙഥ௖, ܙഥ௜௧, ܙഥ௜௦ respectively. Then we 
have the relations between the two sets of vectors: ܙ௜௧ = ௜௦ܙ     ,ഥ௜௧ܙ ܀ = ௖ܙ     ,ഥ௜௦ܙ ܀ = ഥ௖. (9)ܙ܀

It can be seen that the directions of the forces in Eqs. (5)-(6) are determined by the position of 
hook block and updated with the pace of load hoisting. If we remove the terms of velocities ૑, ߱௜ 
and accelerations ܝሷ , ૑ሶ  in Eqs. (5)-(6), nonlinear equations for static model to solve the 
equilibrium path of the load will be obtained.  

3. Tangent point between spatial pulleys and its velocity 

In hoisting process, the rope starts to contact the pulley at the slack-side point and to leave the 
pulley at the tight-side point. The positions of the slack-side and tight-side points, which determine 
the application points and directions of rope tensions, are essential parameters to describe the  
rope-pulley system. Comparing to the load, the rope connecting two pulleys has a very small mass 
and can be considered as a straight line in space. Besides, the width of the pulley groove is quite 
small in contrast with the hoisting height. Therefore, we can treat the pulleys as spatial circles and 
the ropes as common tangents between the circles to solve the tangent points, which are the 
slack-side points and tight-side points. 

 
Fig. 3. Common tangent of two spatial pulleys 

As shown in Fig. 3, we suppose two spatial circles with radii ݎଵ and ݎଶ, denote their centers by 
the vectors ܗଵ, ܗଶ respectively in the global coordinate, and establish the reference coordinates (܍ଵ, (ଶ܍  and (܍തଵ, (തଶ܍  in each circle’s surface. ܍ଷ = ଵ܍ × ଶ܍  and ܍തଷ = തଵ܍ × തଶ܍  are the normal 
vectors of these circles. ܚଵ, ܚଶ are the radius vectors from the circle centers to the corresponding 
tangent points. Generally, the distance between the two centers is bigger than the sum of the two 
radii. To describe the tangent point, the orientation angle is introduced as follows: taking circle ܗଵ 
for example, a line coinciding with ܍ଵ rotates from ܍ଵ to the tangent point in the circle and sweeps 
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out an angle ߚଵ; ߚଵ is the orientation angle of the tangent point, whose range is [0,2ߨ]. If we order ݔଵ = cosߚଵ, ݕଵ = sinߚଵ, ݔଶ = cosߚଶ and ݕଶ = sinߚଶ, the radius vectors will be: ܚଵ = ଵܕଵݎ = ଶ܍ଵݕ)ଵݎ + ଶܚଵ), (10)܍ଵݔ = ଶܕଶݎ = തଶ܍ଶݕ)ଶݎ + തଵ). (11)܍ଶݔ

Since the common tangent is perpendicular with the radius vectors, we have: ܚଵ ⋅ ଵܗ) − ଶܗ + ଵܚ − (ଶܚ = ଶܚ(12) ,0 ⋅ ଵܗ) − ଶܗ + ଵܚ − (ଶܚ = 0. (13)

Thus, the equation for common tangent is: 

۔ۖەۖ
ଵݕଵଶ݌ۓ + ଵݔଵଵ݌ − ݓଶݎ = ଶݕଶଶ݌,ଵݎ− + ଶݔଶଵ݌ + ݓଵݎ = ଵଶݔ,ଶݎ + ଵଶݕ = ଶଶݔ,1 + ଶଶݕ = ݓ,1 = ଶݔଵ(ܽଵଵݔ + ܽଵଶݕଶ) + ଶݔଵ(ܽଶଵݕ + ܽଶଶݕଶ), (14)

where the coefficient ܽ௜௝ = ௜܍ ∙ ,ത௝܍ ଵ௞݌  = ଵܗ) − (ଶܗ ∙ ,௞܍ ଶ௞݌  = ଵܗ) − (ଶܗ ∙ .ത௞܍  This is a 
nonlinear equation group hardly to get the analytical solution; meanwhile it is difficult to solve 
the numerical solution.  

There are four types of common tangent between two spatial pulleys, separately called the 
common tangent of right external, left external, right internal and left internal corresponding to  ݇ = 1, ݇ = 2, ݇ = 3, and ݇ = 4 as shown in Fig. 4. Therefor there are four solutions for the 
nonlinear Eq. (14) and it is meaningless that the solution is inconsistent with the type of the 
common tangent. To get the specified solution, we should take the initial value approximate to the 
specified solution as much as possible. 

 
Fig. 4. Types of the common tangent between pulleys 

While the two spatial pulleys are coplanar or paralleled to each other, the equation for common 
tangent has analytical solutions. Then we take the corresponding analytical solution as the initial 
value to solve Eq. (14) for the specified solution. The method is proved feasible and effective. 
Thus, four initial values corresponding to the types of common tangent are written out as follows. 

As for the external tangent, we have ߚଶ =  ଵ, as shown in Fig. 5. Then, the common tangentߚ
of right external (݇ = 1): 

۔ە
ଵݔۓ = ଶݔ = ݌1 ൫݌ଵଵߩ௥ + ଵݕ,௣൯ߩଵଶ݌ = ଶݕ = ݌1 ൫݌ଵଶߩ௥ − ௣൯, (15)ߩଵଵ݌
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Fig. 5. External common tangent of pulleys 

The common tangent of left external (݇ = 2): 

۔ە
ଵݔۓ = ଶݔ = ݌1 ൫݌ଵଵߩ௥ − ଵݕ,௣൯ߩଵଶ݌ = ଶݕ = ݌1 ൫݌ଵଶߩ௥ + ௣൯, (16)ߩଵଵ݌

where ߩ௥ = ଶݎ − ௣ߩ ,ଵݎ = ඥ݌ − ݌ ௥ଶ andߩ = ଵଵଶ݌ + ଵଶଶ݌ + ଵଷଶ݌ .  
As for the internal tangent |ߚଶ − |ଵߚ = ߨ , we have the common tangent of right internal  

(݇ = 3): 

۔ە
ଵݔۓ = ଶݔ− = − ݌1 ൫݌ଵଵߩ௥ + ଵݕ,௣൯ߩଵଶ݌ = ଶݕ− = − ݌1 ൫݌ଵଶߩ௥ − ௣൯. (17)ߩଵଵ݌

The common tangent of left internal (݇ = 4): 

۔ە
ଵݔۓ = ଶݔ− = − ݌1 ൫݌ଵଵߩ௥ − ଵݕ,௣൯ߩଵଶ݌ = ଶݕ− = − ݌1 ൫݌ଵଶߩ௥ + ௣൯, (18)ߩଵଵ݌

where ߩ௥ = ଶݎ + ௣ߩ ,ଵݎ = ඥ݌ −   .௥ଶߩ
Taking Eqs. (15)-(18) as the initial value of Eq. (14), one can obtain the numerical solution 

consistent with the reeving way between the rope and pulleys. 
The reeving way of each rope branch can be described by a matrix organized by two rows. The 

first row stores the numbers of the pulleys through which the rope reeves in sequence, while the 
second row stores the corresponding tangent types as shown in Fig. 4. For example, as to the 
hoisting system shown in Fig. 1(b) one could take the following matrix to describe the reeving 
way: ܭ = ቂ1 2 3 4 5 6 7 8 9 10 11 −21 2 1 2 1 4 2 1 2 1 2 1 ቃ, (19)

where –2 denotes right side of the drum. The left side of the drum is the starting point of the rope 
and does not appear in the matrix.  

By the method above, the positions of the tangent points can be obtained. However, angular 
speed of the pulley in Eq. (6) should be solved as the plus-minus sign of the angular speed 
determines whether the side of the pulley is slack or tight. To solve the angular speed of the pulley, 
one should also know the velocities of the tangency points firstly. Obviously, the velocities are 
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composed of the velocities following the reference coordinate on the pulley and the velocities 
relative to the coordinate and can be written as follows: 

ቊܘሶ ଵ = ሶܗ ଵ + ૑ଵ × ଵܚ + ሶܘ,ଵܜሶଵߚ ଶ = ሶܗ ଶ + ૑ଶ × ଶܚ + ଶ, (20)ܜሶଶߚ

where ܗሶ ଵ, ܗሶ ଶ are the center velocities of pulleys in global coordinate; ૑ଵ, ૑ଶ are the rotational 
velocities of the body on which the pulley mounted; ߚሶଵ, ߚሶଶ are the change rates of the orientation 
angles; ܜଵ, ܜଶ are the tangent directions in the circles’ surface and can be expressed as follows: ൜ܜଵ = ଷ܍ × ଵܕ = ଵߚଵsin܍− + ଶܜ,ଵߚଶcos܍ = തଷ܍ × ଶܕ = ଶߚതଵsin܍− + ଶ. (21)ߚതଶcos܍

In Eq. (14) we have that ݕሶଵ = ,ሶଵߚଵݔ ሶଵݔ  = ,ሶଵߚଵݕ− ሶଶݕ  = ,ሶଶߚଶݔ ሶଶݔ  = ,ሶଶߚଶݕ−  and  ݓሶ = ଵܜ ∙ ሶଵߚଶܕ + ଶܜ ∙ ሶଶߚଵܕ ; therefore denoting ܙଵଶ = ଵܗ − ଶܗ  and ܙሶ ଵଶ = ሶܗ ଵ − ሶܗ ଶ , one can 
obtain the change rates of the orientation angles by performing differentiation on the first two 
equations in Eq. (14): 

ቊߚሶଵߚሶଶቋ = ൤ܜଵ ⋅ ଶܚ) − (ଵଶܙ ଶܜଶݎ ⋅ ଵܜଵݎ−ଵܕ ⋅ ଶܕ ଶܜ− ⋅ ଵܚ) + ଵଶ)൨ିଵܙ ൜ܕଵ ⋅ ሶܙ ଵଶ + ଵܕ) × (ଵଶܙ ⋅ ૑ଵܕଶ ⋅ ሶܙ ଵଶ + ଶܕ) × (ଵଶܙ ⋅ ૑ଶൠ. (22)

Thus, it shows that the velocities of the tangent points in Eq. (20) have linear relationships 
with velocities and rotational velocities of the pulleys. Without loss of generality, if circle ܗଵ 
represents fixed pulley, then ܗሶ ଵ = 0, ૑ଵ = 0, while circle ܗଶ  represents movable pulley and  ܗሶ ଶ = ሶܝ + ૑ × ଶ, ૑ଵܙ = ૑ ∙  ଶ denotes the vector from centroid of the hook block to the centerܙ
of the movable pulley.  

4. Transmission of tensions at two sides of pulley  

The rope in the branch can be divided into two parts: ropes wrapped on pulleys and ropes in 
space. Dividing points of the two parts are slack-side points ܘ௜௦ and tight-side points ܘ௜௧ as shown 
in Fig. 6. Generally, the pulley rotates slowly and the frictional force between the pulley and rope 
is big enough to prevent relative slip. In hoisting process, the rope transmits the rope tensions ܎௜௦ 
and ܎௜௧ to the pulley.  

The rope changes from straight line to curve at the slack side of the pulley, and changes from 
curve to straight line at the tight side. Because of the rope’s some resistance to deformation, there 
is a small transition curve between the straight line and the curve. The transition curve diminishes 
the distance between the straight rope and the pulley center at the tight side while extends the 
distance at the slack side. The diminished distance is denoted by ݎߜ௜, while the extended distance 
is approximated to ݎߜ௜, as shown in Fig. 7. 

 
Fig. 6. Slack-side point and tight-side point of the pulley 

 
Fig. 7. Stiffness resistance of rope 
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Regarding the pulley as a rigid body, the moment ۻ௜ on the pulley’s shaft ܐ௜ can be written 
out as follows based on the dynamical equation for rigid body: ۻ௜ = (1 + ௜௦ܚ(ߜ × ௜௦܎ + (1 − ௜௧ܚ(ߜ × ௜௧܎ − ௜߱௜(૑ܬ × ௜), (23)ܐ

where ܚ௜௦ and ܚ௜௧ are the vectors from the pulley’s center to the slack-side point and the tight-side 
point respectively. In the right sides of Eq. (23), the last term describes the gyro effect of the pulley 
which can be neglected as the hoisting speed is low and the inertia moment of the pulley is small 
relative to the hook block.  

In the surface of the pulley, the corresponding tangent components of the rope tensions are: 

௜ܶ௦ = ௜௦܎ ⋅ ௜௦, (24)௜ܶ௧ܜ = ௜௧܎ ⋅ ௜௧. (25)ܜ

Dot-multiplying both sides of Eq. (23) by the unit vector ܐ௜ leads to the equation for moment 
equilibrium in direction of the pulley’s shaft: ܯ௙ = [ ௜ܶ௧(1 − (ߜ − ௜ܶ௦(1 + ௜. (26)ݎ[(ߜ

In fact, the left term of the equation is resisting moment which is caused by friction between 
the pulley and the shaft and can be expressed by the frictional resistance coefficient ߟ௙ as follows: ܯ௙ = ௙ߟ ௜ܶ௦ݎ௜. (27)

In practical engineering, the value of ߟ௙ is usually between 0.014 and 0.0145 [20]. ܯ௙ is the 
moment that transmitted to the hook block. By ordering ܯ௙ = 0 in Eq. (26), the increment of the 
tension at tight side can be obtained: 

௜ܶ௧ − ௜ܶ௦ = 1ߜ2 − ߜ ௜ܶ௦ = ௘ߟ ௜ܶ௦, (28)

where the increment ௜ܶ௧ − ௜ܶ௦  is caused merely by stiffness effect of the rope, and ߟ௘  is the 
stiffness resisting coefficient which is usually between 0.0055 and 0.06 in practical engineering 
[20]. And the relation between ߟ௘ and ߜ is: ߜ = ௘2ߟ + ௘. (29)ߟ

Taking account of all the resistances, the relationship of the tensions at both sides of the pulley 
will be derived by Eqs. (26)-(29) as follows: 

௜ܶ௦ = 2(2 + ௙ߟ(௘ߟ + 2(1 + (௘ߟ ௜ܶ௧ = ߟ ௜ܶ௧, (30)

where ߟ is efficiency coefficient.  
According to Eqs. (24)-(25)and the previous analysis, the tensions at both sides of pulley 

satisfy the following expression: 

௜݂௦ = ௜௧ܖ ⋅ ௜௦ܖ௜௧ܜ ⋅ ௜௦ܜ ߟ ௜݂௧ = ௜ߟ̅ ௜݂௧, (31)

where ܖ௜௦, ܖ௜௧ are the corresponding directions of the rope tensions.  
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Without considering rope mass, the tensions of the rope in space are equal at every point, and 
the rope tensions at both sides of pulleys satisfy Eq. (31) as shown in Fig. 8. Therefore, giving the 
tension of the rope connected the drum we can obtain the tension of each rope in space in sequence. 

 
Fig. 8. Directions of tensile forces and transitive relationships 

5. Compatible condition of rope length 

The common drum has a groove of helical line for the polar crane in NPP as shown in Fig. 9 
and it is difficult to confirm the trajectory of the rope tangent point on the drum. In this section, 
compatible conditions of rope length are proposed to solve the trajectories of the rope tangent 
points with regard to duplex drum.  

 
Fig. 9. Rope length winded by the drum 

If the longitudinal displacement of the tangent point is ݖ௞ (݇ = 1 stands for the left side of 
drum, ݇ = 2 stands for the right side of drum), the length of the rope winded by the drum is: 

௞ܮ = ௞݀ݖ ට4ߨଶݎௗଶ + ݀ଶ, (32)

where ݎௗ is the drum radius, ݀ is the pitch of rope groove on the drum. 
The total rope length in the branch is: 

= ܮ ෍ ݈௜௡
௜ୀଵ + ෍ ௜௠ݏ

௜ୀଵ , (33)

where ݊ is the number of the ropes in space and ݈௜ is the corresponding rope length which can be 
derived by the coordinates of tangent points; ݉ is the number of the pulleys and ݏ௜ is the length 
of the rope wrapped on pulley ݅. ݏ௜ can be written out by multiplying the pulley radius ݎ௜ by the 
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wrap angle ߙ௜: ݏ௜ = ௜ . (34)ݎ ௜ߙ

The wrap angle of pulley ݅ can be expressed by the orientation angles as follows: ߙ௜ = ௜௦ߚ − ௜௧. (35)ߚ

Taking the hoisting mechanism with separate rope branch as shown in Fig. 1(b) for example, 
the length of rope winded by the drum should equal to the length that reduced in the branch. Then 
we have: ܮ + ଵܮ + ଶܮ = ଴, (36)ܮ

where ܮ଴ is the initial length of the rope in the branch.  
Though ݖଵ, ݖଶ denote the longitudinal displacements on the same drum, they are not equal to 

each other strictly as the tangent points on the drum may move up and down in a certain range 
along the helical line. However, they can be expressed in the fellow forms: 

൞ݖଵ = ߨ2݀ (߶ + ଵ଴ߚ − ଶݖ,( ଵߚ = ߨ2݀ (߶ + ଶ଴ߚ − ଶ ), (37)ߚ

where ߶ is the rotational angle of the drum, and ߚଵ଴, ߚଶ଴ are the initial orientation angles of the 
rope entries on the drum; ߚଵ, ߚଶ are the current orientation angles of the rope entries and can be 
solved basing the method in Section 3 by treating the cross-sections of the drum as spatial circles.  

By eliminating ߶  in Eq. (37), the relation between the two longitudinal displacements is 
derived as follows: 

ଵݖ = ଶݖ + ߨ2݀ ଵ଴ߚ) − ଶ଴ߚ + − ଶߚ ଵ ). (38)ߚ

Eqs. (36) and (38) compose a pair of nonlinear equations that can be used to solve ݖଵ and ݖଶ.  

6. Angular speed of pulley 

The rope speed is an important parameter for the selection of wire rope, the pulley design and 
the power system of drum, and cannot be estimated by multiplying factor for the hoisting system 
requiring precise control. Based on the velocities of tangent points obtained in Section 3, a method 
to resolve the rope speeds and the angular speeds of pulleys along the rope branch is proposed in 
this chapter.  

 
Fig. 10. Rope speed and angular speed of pulley  
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As shown in Fig. 10, the pulley of radius ݎ and center ܗ is described by the frame (܍ଵ,  ଶ) in܍
the surface of the pulley. ܘ௦ ௧ܘ ,  are the tangent points at the slack side and the tight side 
respectively. The rope for crane should have very high tensile strength, so it is reasonable to 
neglect the rope extension, which means that the length of the rope between any two points 
remains unchanged. Taking point ܘଵ  on the rope in space and point ܘଶ  on the adjacent rope 
wrapped on pulley for example, the rope length between the two points can be denoted as: ݈ = ݈ଵ + ݈ଶ, (39)

where ݈ଵ is the length of the rope in space between the two points and can be expressed as follows: ݈ଵ = ௦ܘ) − (ଵܘ ⋅ ௦, (40)ܖ

where ܖ௦ is the unit direction vector of the rope and can be expressed by the tangent points. The 
change rate of ݈ଵ is: ݈ሶଵ = ሶܘ ௦ ⋅ ௦ܖ − ௦, (41)ݒ

where ݒ௦ = ሶܘ ૚ ∙ ሶܘ ;௦ is the rope speed at slack side of the pulleyܖ ௦ is the velocity of the tangent 
points.  ݈ଶ is the length of the rope wrapped on the pulley between ܘଵ and ܘଶ, which can be expressed 
as follows: ݈ଶ = ݎߙ = ଶߚ) − (42) ,ݎ(௦ߚ

where ߙ is the wrapped angle; ߚଶ, ߚ௦ are the orientation angles of ܘଶ, ܘ௦ respectively. As ܘଶ is 
consolidated on the pulley, the change rate of ߚଶ is equal to the angular speed ߱ of the pulley. The 
change rate of ݈ଶ can be written as follows: ݈ሶଶ = ൫߱ − ሶߚ ௦൯(43) .ݎ

By the previous analysis, we know that ݈ሶଵ + ݈ሶଶ = 0. Then we can obtain: ߱ = ݎ1 ௦ݒ) − ሶܘ ௦ ⋅ (௦ܖ + ሶߚ ௦. (44)

The equation is the relationship of the angular speed ߱ and the rope speed ݒ௦ at slack side of 
pulley. Similarly, the rope speed ݒ௧ at tight side of the pulley can be expressed as follows: ݒ௧ = ൫߱ − ݎሶ௧൯ߚ + ሶܘ ௧ ⋅ ௧. (45)ܖ

And the difference between ݒ௦ and ݒ௧ is: ݒ௧ − ௦ݒ = ൫ߚሶ ௦ − ሶߚ ௧൯ݎ + ሶܘ ௧ ⋅ ௧ܖ − ሶܘ ௦ ⋅ ௦. (46)ܖ

Using the change rates of the tangent points, the transitive relationship of the rope speeds at 
two sides of the pulley can be obtained by Eq. (46). In the rope branch, the rope speed is equal to 
zero if one end of the rope anchors to a fixed point; otherwise if the rope with an end connected 
to the drum, the rope speed can be solved from Eq. (44) in which ߱ becomes the angular speed of 
the drum and can be derived as follows: ߱ = ߨ2݀ ሶݖ + ሶ଴௦, (47)ߚ
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where ݖሶ is the longitudinal velocity of the drum.  
Therefore, starting from the end of the branch, one can obtain the rope speeds and the angular 

speeds of the pulleys successively by Eqs. (44)-(46).  

7. Numerical example 

In this section, a numerical example for a type of polar crane in NPP is given to verify the 
application of the methodology presented in this paper. As shown in Fig. 1(b), the hoisting 
mechanism has duplex drum with groove pitch 18 mm and separate rope branch; the global 
coordinate (ܺ, ܻ, ܼ) is established as ܺ towards front, ܻ towards up and ܼ towards left. The initial 
parameters including the diameters and positions of the drum and pulleys are displayed in  
Tables 1-2. Among the parameters, the positions of the movable pulleys are given in the  
hook-block-fixed coordinate, which was in the same direction with the global coordinate at initial. 
The efficiency coefficient of pulley is chosen as 0.98 as well as the frictional resistance coefficient 
is 0.01455. The weight of the hook block is 4800 Kg and the mount point is (0, –439, 0) mm in 
the hook-block-fixed coordinate.  

Table 1. Initial parameters of drum 
Drum Diameter (mm) Pitch (mm) Center coordinate (mm) Direction of center trajectory 
Left 1500 30 (–1430, 640, 1800) (0, 0, –1) 

Right 1500 30 (–1430, 640, –1800) (0, 0, 1) 

Table 2. Initial parameters of pulleys 
Pulley Number Diameter (mm) Center coordinate (mm) Direction of rotate shaft 

Fixed pulley 

2 

710 

(0, 0, 415) 

(0, 0, 1) 
4 (0, 0, 210) 
6 (0, 0, 0) 
8 (0, 0, –210) 
10 (0, 0, –415) 

Movable pulley 

1 800 (0, 550, 515) 

(0, 0, 1) 

3 710 (0, 550, 315) 
5 710 (0, 550, 105) 
7 710 (0, 550, –105) 
9 710 (0, 550, –315) 
11 800 (0, 550, –515) 

Through the analysis in this paper, there are seven unknown parameters in Eqs. (5)-(6): the 
kinematic parameter ݑଵ, ℎ, ݑଷ, ߠଵ, ߠଶ, ߠଷ and the tension ܶ of the drum, where the tension ܶ is 
not easy to measure especially for the duplex drum. At the same time, the hoisting height ℎ is an 
important and visually parameter and it can be formed a relationship of one-to-one mapping with 
time. Hence, we choose the hoisting height ℎ as a known parameter to solve the model and 
describe the load trajectory. The hoisting speed versus the time was assumed as a trapezoidal curve 
as shown in Fig. 11, and a load of 100 t to arise 25 m at the initial position of (0, –30, 0) m was 
studied. 

 
Fig. 11. Hoisting speed versus time 
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The comparison of the proposed dynamic model and the corresponding static model for the 
centroid trajectories of the hook block versus hoisting height are plotted in Fig. 12-13.  

It can be seen that: (1) The change trends of the two models are consistent and the hook block 
swings around the equilibrium path in the dynamic model. The initial amplitude is about two times 
the distance from the initial position to the equilibrium position. The amplitude and period are 
becoming smaller as the hook block get nearer to the fixed pulleys. (2) In addition to the hoisting 
acceleration, the swing amplitude also has a great relationship with the initial position. The results 
show that the initial position diverged more from the equilibrium path in fore-and-aft direction 
than that in right-and-left direction, which caused the bigger swing amplitude in fore-and-aft 
direction. (3) Because the directions of ropes diverge from the vertical while the crane hoisting, 
the force in the lateral direction increases and the trajectory deflection relative to the initial 
equilibrium position gets bigger and bigger. 

 
Fig. 12. Trajectory of hook block in fore-and-aft direction 

 
Fig. 13. Trajectory of hook block in right-and-left direction 

Because of the roughly right-and-left symmetrical measurements of the rope-pulley system, 
the positions of the pulleys and the reeving way of the rope, the rope speeds and tensions are 
symmetrical generally. Because the ropes are nearly vertical in the system, values of these pulleys’ 
velocities are near to the multiplying factors relative to hoisting speed as shown in Fig. 14.  
Fig. 15 shows the angular speed of pulley 6, which is not equal to zero strictly. By calculation, the 
angular speed is greater than zero, which suggests that the rope tension at after side of the pulley 
is bigger than that at front side of the pulley in the proposed model. 

 
Fig. 14. Linear velocities of some pulleys 
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Fig. 16 shows that the rope tension at right side of the drum is bigger than that at left side of 
the drum, which is consistent with the rotation direction of pulley 6. While the hoisting speed is 
constant, the tensions have a small decreased tendency as a result of the tangent points moving 
from both sides to the middle on the drum. After that, the tensions get bigger as the hook block is 
closing to the fixed pulleys. The orientation angles of the tangent points on the drum become 
bigger as shown in Fig. 17, which suggests that the tangent points move upward as the crane 
hoisting.  

The orientation angles at the slack side and the tight side of pulley 6 are shown in Fig. 18 and 
Fig. 19 respectively based on both the dynamic and static model. It is observed that the orientation 
angle at slack side has big change relatively as the reeving way between pulley 6 and pulley 5 is 
inner common tangent and diverges more from vertical. 

 
Fig. 15. Linear velocity of pulley 6 

 
Fig. 16. Tensions of drum 

 
Fig. 17. Orientation angles of tangency points on drum 

 

 
Fig. 18. Orientation angle at slack side of pulley 6 

 
Fig. 19. Orientation angle at tight side of pulley 6 

8. Conclusions 

While the polar crane in NPP works, the load trajectory is usually unavoidable to swing around 
the equilibrium path, which is not a vertical line strictly. To locate the load precisely, the mechanic 
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design especially the layouts of the drum and pulleys as well as the reeving way of the rope branch 
should be considered. In this paper, a systematic method to analyze the trajectory of the hook 
block for polar crane in NPP is proposed, and some crucial parameters such as the rope tensions, 
the common tangent of spatial pulleys, and the angular speeds of pulleys are resolved. These 
parameters closely related to property and performance of rope-pulleys system should be 
considered in the designing of the crane that requires high precision to locate the load.  

By analyzing the load trajectory, we can see that the swing amplitude of the load trajectory 
relates to the initial position and the trajectory deflections get bigger in general as load hoisting. 
The proposed method has a common adaptability and some parameters provided in this paper can 
be utilized as a reference for relevant designing of the hoisting system of crane. 
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