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Abstract. Preventive maintenance (PM) and condition-based maintenance (CBM) are two
dominant maintenance policies in industrial applications. Inspection activities are the foundation
of PM and CBM policies as to provide the operating information of system through processing
the collected vibration data. Age based replacement is one of the most used preventive
maintenance policy aiming at avoiding unplanned downtime and higher failure loss. This paper
proposes a joint optimal policy of inspection and age based replacement based on a three-stage
failure process for a single component system. The three-stage failure process, which is closer to
reality, divides the failure process of system into three stages: namely normal, minor defective
and severe defective. When the severe defective stage is identified, maintenance action is carried
out immediately. The system is replaced once it reaches certain age. However, two potential
actions are considered and analyzed in this paper when the minor defective stage is identified:
halving the subsequent inspection interval or replacing the item immediately. As inspection may
not be perfect because of the complexity of plant items, both perfect and imperfect inspection
cases are considered. Finally, a case study is presented to demonstrate the efficiency of the
proposed models.

Keywords: preventive maintenance, condition-based maintenance, inspection, delay time,
three-stage failure process, age based replacement.

Nomenclature

Xn Random variable representing the duration of the nth stage,n =1, 2 and 3
t Inspection interval

T Age based replacement interval, T = Nt (N > 1)

Ty Random failure time

Tom Random time of an inspection renewal due to the minor defective stage

identification by an inspection

Tps Random time of an inspection renewal due to the severe defective stage
identification by an inspection

T, Age based replacement time

fx, (%) Probability density function (pdf) of X;

fx, (@), Fx,(¥) Pdfand cumulative distribution function (cdf) of X,
fx;(2), Fx,(2) Pdf and cdf of X5
T Identification probability of the minor defective stage by an inspection

Dg Average downtime per inspection
Dy Average downtime per failure
Dpm Average downtime caused by an inspection renewal due to identification of the

minor defective stage

Dy Average downtime caused by an inspection renewal due to identification of the
severe defective stage

D, Average downtime per age based replacement

ED(t) Expected renewal cycle downtime
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EDs(¢) Expected downtime caused by failure renewal

ED,,(t) Expected downtime caused by inspection renewal due to identification of minor
defective stage

ED(t) Expected downtime caused by inspection renewal due to identification of severe
defective stage

ED,(t) Expected downtime caused by age based replacement renewal

EL(t) Expected renewal cycle length

ELs(t) Expected length caused by failure renewal

EL,(t) Expected length caused by inspection renewal due to identification of minor
defective stage

EL(t) Expected length caused by inspection renewal due to identification of severe
defective stage

EL.(t) Expected length caused by age based replacement renewal

A(t) The long-run availability

1. Introduction

Preventive maintenance (PM) and condition-based maintenance (CBM) are two popular
maintenance policies in practice. Preventive maintenance, by which maintenance is implemented
with a planned interval aiming at preventing potential failures from occurring, is still the most
widely used policy in industry due to its easy implementation [1]. Nowadays CBM attracts more
interest because of the efficiency of deriving the actual condition information [2].

Vibration data can express the condition of system exactly when operating. Through collecting
and processing the vibration data, maintenance operators could make maintenance decisions on
the basis of the actual condition obtained from inspection. Therefore, inspection is the foundation
of implementing the PM and CBM policies as it can provide the information on the status of
system checked to facilitate the determination and execution of repair and replacement decisions
[3, 4]. Nowadays inspection based on vibration information has been widely applied in industry.
Of course, inspection can be on-line or off-line. As to the off-line inspection, maintenance
operators often inspect the system using hand-held inspection tools, such as SPM (Shock pulse
method) instrument.

SPM has been widely used as a quantitative method in determining bearing health condition.
Unlike vibration analysis that monitors a broad vibration band and then tries to isolate unique
frequencies, SPM has developed a means to only “look™ at the high frequency signals of rotating
bearings [5, 6]. Through monitoring and analyzing high frequency shock waves generated by a
bearing while rotating, SPM can provide a direct shock value indicating the bearing condition.
The major benefit of SPM is providing a direct indication of bearing condition on a
Green-Yellow-Red scale. Green means a good bearing, Yellow is a bearing with early damage
and Red is more severe damage [7]. This is very important when monitoring installed bearings on
machines for which there are no trends or comparable readings. Through years of application,
SPM has been proven successfully as a diagnostic tool for bearings.

As maintenance operators inspect the bearings using SPM with a planned interval, the
determination of inspection intervals is one of the key decisions. There are numerous PM models
to determine the optimal inspection intervals [8, 9]. The delay-time concept, which assumes the
state of system before failure to be either normal or defective, has obvious advantage for
optimizing the inspection intervals because it can capture the relationship between inspection
interval and number of failures [10]. Most importantly, numerous successful case studies have
been published with actual applications in industry using delay-time concept [11-13].

However, the state of system may by described more than two before failure as three color
scheme is mostly used to divide the state before failure into green (normal), yellow (need
attention), and red (need immediate attention) in industrial applications [14]. For example, SPM
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divides the lifetime of bearings into three stages, namely normal, minor defective and severe
defective, expressed by green, yellow and red respectively. Therefore, Wang firstly extended the
two-stage delay time to a three-stage failure process, where the traditional failure delay time stage
is further divided into two stages: minor defective stage and severe defective stage [15]. Finally a
case study is presented to show that delaying maintenance is better than maintenance immediately
and validate the efficiency of the proposed three-stage failure process. A preventive maintenance
model with a two level inspection policy based on a three-stage failure process is proposed by
Wang et al. [16]. Minor inspection and major inspection consist of the two-level inspection policy.
Moreover, a planned PM is considered as maintenance window to prevent the occurrence of
failure. Yang et al. [17, 18] developed imperfect inspection maintenance models based on a
three-stage failure process. Monte Carlo simulation is used to present the efficiency of the
three-stage failure process. An inspection optimization model based on a three-stage failure
process is presented to optimize the shortening proportion of inspection interval when the minor
defective stage is identified [19]. But age based replacement policy is not considered in [15-19].

Age based replacement policy is one of the most commonly used preventive maintenance and
replacement policies. According to this policy, the system is replaced upon failure or at fixed age,
whichever occurs first [20]. Preventive replacement is carried out to avoid unplanned downtime
and higher failure loss, thus age based replacement policy is widely used to determine optimum
preventive replacement time. The joint policy of regular inspections and age based preventive
replacement has been widely used in industrial applications. Most researches have considered the
age based preventive replacement policy [21-23], but joint optimization for inspection and
replacement intervals based on the three-stage failure process has not been developed.

In this paper, a joint optimal policy of inspection and age based replacement based on a
three-stage failure process is introduced. Both cases of perfect and imperfect inspections are
considered. The system is replaced when it fails or reaches the certain age. Once the severe
defective stage is identified, repair will be carried out. However, when the minor defective stage
is identified, two options are assumed here for comparison: halving the subsequent inspection
interval or repair it immediately. The long-run availability is used to jointly optimize the
inspection and replacement intervals.

The remaining part of the paper is organized as follows. Section 2 introduces the modeling
assumptions and notation. Section 3 provides the proposed availability models with imperfect
inspection and perfect inspection case is modeled in Section 4. Section 5 presents a case study and
Section 6 concludes the paper.

2. Modelling assumptions and notation

The following modeling assumptions and notation are presented for model building.

1) A single component system is considered, which only subject to a single failure mode.

2) The failure process of system is divided into three stages: normal stage X;, minor defective
stage X, and severe defective stage X5. These three stages are assumed to be independent.

3) The system is subjected to inspection interval ¢ and age based replacement interval T. Age
based replacement interval is a multiple of inspection interval as T = Nt for simplicity.

4) Both perfect and imperfect inspection cases are considered. Perfect inspection can always
reveal the defective stage no matter it is minor and severe. However, imperfect inspection may
miss the minor defective stage with a probability of (1 — r), but always can identify the severe
defective stage.

5) If the system is found in the normal stage, do nothing.

6) On condition that the system is identified in the minor defective stage by an inspection, two
options are assumed here, the first one is to shorten the subsequent inspection interval to be half
of the current interval, and the other one is to repair immediately.

7) System is found to be in the severe defective stage, it is always repaired immediately.

8) Failure can be observed immediately and replacement is always carried out at once.
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9) Replacement renews the system once the age of system reaches certain age T, which is an
age limit of system.

10) Repair or replacement is regarded as renewing the system, though it may be the only option
for a single component system.

3. Availability models with imperfect inspection

The availability models are formulated in this section to jointly optimize the inspection and
age replacement intervals. The imperfect inspection case mainly means that an inspection may
miss the minor defective stage with a probability of (1 — r) but can always identify the severe
defective stage. Fig. 1 presents the joint policy of imperfect inspection and age based replacement.

0 G+1)r (i-1)t it - Nt

O Minor defect ® Severe defect ® failure A Age replacement
Fig. 1. The system fails in ((i — 1)t, it) before identifying any defective stages

Maximizing the availability is a main object of maintenance optimization. The decision
objective is to derive the maximum long-run availability. Therefore, the long run expected renewal
cycle downtime and length need to be derived firstly so that [24]:

EL(T)

EL(T) + ED(T)’ (D

A(T) =
According to the different decisions when the minor defective stage of system is identified
depending on the assumption Eq. (6), two models are proposed.

3.1. Model 1

The system is renewed at failure, at the time of age based replacement and that a severe defect
was first found prior to failure. However, if minor defective stage is identified, subsequent
inspection intervals are halved.

3.1.1. The expected renewal cycle downtime

There exist three different kinds of renewal scenarios, namely failure renewal, inspection
renewal caused by the identification of severe defective stage and age based replacement renewal.
The downtime caused by these renewals in a renewal cycle consist the expected renewal cycle
downtime, which will be introduced respectively.

3.1.1.1. The failure renewal scenarios

Failure renewal means the system fails in an inspection interval before identifying the severe
defective stage or reaching the certain age T. However, according to the case whether the minor
defective stage is identified by an inspection, there are two different failure renewals.

1) The system fails in T, Tr € (({ — 1)¢,it) before any defective stages are identified, as
shown in Fig. 2. The minor defective stage starts in ((j — 1)¢,jt) and ends in ((i — 1)¢, it). All
the inspections within (jt, (i — 1)t) miss the minor defective stage because of the imperfect
inspection. The severe defective stage and failure happen within the same interval ((i -1, it).
The probability of such an event is given as:
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P((i—DE<T, <it)
=P((j— DE<X; <jt,(i—Dt—X; <X, <it—X,0< X3 <it—X; —X;)
it—x (2)
Z f | A= @, 0 it x = )y
G-DtJA(i-Dt-x)

where i =1, 2,..., N. Here we define 1(x) = x if x > 0, otherwise A(x) = 0.

X X
| | | | A »
. . R X >
0 G-t Jt e () it T
Fig. 2. The system fails in ((i — 1), it) before identifying any defective stages

2) The system fails in T¢, Tr € (it + (k — 1)t/2,it + kt/2) before identifying the severe
defective stage by an inspection. The system degradates into minor defective stage within
((j —Dt,j t). However, the minor defective stage is identified at it and the subsequent inspection
interval is halved, as depicted in Fig. 3. Similarly, the severe defective stage and failure happen
within the same interval (it + (k — 1)t/2, it + kt/2). The probability of such a renewal is:

t kt
P<it+(k—1)§<Tf<it+?)

G-Dt< X, <jt,
) t kt

kt ? (3)
0<X; <it+?—X1—X2
it+£—x o kt
Z J- le(x) " fXZ (y) (1 - T)l_]TFX3 (lt + ? el y) dydx
-1t it+(k—1)7—x
Xl X3
| | |
0 G-1)t Gt e it e (kD)2 itkt2 - T

Fig. 3. The system fails in (it + (k — 1)t/2, it + kt/2) after identifying minor defective stage at it

Therefore, the expected renewal cycle downtime due to failure renewal can be derived from
Egs. (2) and (3):

ED,(t) = z(Df + (i = DDyP((i — Dt < T, < it)
12(1\111) y 4)
+ 4 Z (Df+(i+k—1)D5)P(it+(k— 1)%<Tf < it+7t>.

i

3.1.1.2. The inspection renewal scenarios

Inspection renewal occurs once the defective stages are identified. However, when the minor
defective stage is identified, the subsequent inspection interval is halved. So the inspection
renewal here only means the renewal caused by the identification of severe defective stage.
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Similarly, there are also two different renewals depending on whether the minor defective stage
is identified.

1) Fig. 4 shows the scenario that the system is renewed when the severe defective stage is
found at it before any minor defective stage is identified. The inspections miss the minor defective
stage (i — j) times. So the probability of such an inspection renewal is:

P( lt)—P((]_l)t<X1<]t (l_l)t_X1<X2<lt Xl,X3>it_X1_X2)

it—x
- . 5
= 2 [" fe fra ) (1= 1) (1 = By, (it = x = y))dydx. ©
-1t A((A-1Dt—x)
X X X3§
I I L i A >
0 G- Jt e (D)t it = T

Fig. 4. The system renews at it before any minor defective stage is identified

2) Fig. 5 presents the scenario that inspection renewal occurs at it + kt/2 when the minor and
severe defective stages are identified at it and it + kt/2 respectively. The inspections within
(jt, (i = 1)t) miss the minor defective stage but identify it at it and then the subsequent inspection
interval is halved:

okt
P(Tps=lt+?)
G-Dt <X, <jt,
(k=1 kt
_p|itr T X <X, <it+—— X,
Kt (6)
X3>lt+?_X1_X2

lt+——x o . kt
- Z f @[ e F )@= (1 (it +5—x ) |ayax
(-1t —X
X X X;
l l l I A >
0 G- Jt o e it e itk 1)t/2 it+kt/2 - T

Fig. 5. The system renews at it + kt/2 after the minor defective stage is identified at it

Then the expected renewal cycle downtime of an inspection renewal can be derived using
Egs. (5) and (6) as:

N—12(N-i)—-1

ED.(t) = NS(D,,S +iDs)P(Tys = it) + Z Z (Dps + (i + k)Ds )P( =it+ %) 7
i=1

i=1 k=
3.1.1.3. The age based replacement renewal scenarios

The system is renewed once it reaches certain age T according to the assumption Eq. (9). There
are also two scenarios.

1) The age based replacement renewal is happened before any defective stages are identified.
However, there may exist three possible scenarios, see Fig. 6. Firstly, the normal stage X; exceeds
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the age T. Secondly, the normal stage ends within ((] — 1), jt). The minor defective stage is
longer than T — X; but missed by inspections. Finally, the minor defective stage starts within
((] — 1, jt), ends in ((N — 1, T) but all missed. The severe defective stage is longer than
T — X; — X,. The probability of such a renewal is:

P(T,; = Nt) = P(X; > Nt) + P((G — Dt < X, < jt, X, > Nt — X;)
+P(( - Dt <X, <jt, (N—Dt—X; <X, <Nt — X1, X3 >Nt — X; — X)

o N jt .
= Ntfxl(x) dx + ]Z f(,--m(l — 1)V fe () (1 — Fy, (Nt — x)) dx ®
5 it Nt—x
_ \N-j _ o
+]-Z_1J;j—1)t(1 (0 J;N_l)t_xfxz(y) (1 Fx, (Nt —x Y)) dydx.

X

1
0 (-1t gt (N-1) T
Fig. 6. The system renews at age T before any defective stages are identified

2) The system renews at age T after the minor defective stage is found at it. There also exist
two different scenarios, see Fig. 7. Firstly, The normal stage ends in ((] - Dt,j t) but the minor
defective stage is longer than T — X;. The second is the minor defective stage ends in
((N—1)t+t/2,T) and the severe defective stage exceeds the length of T — X; — X,. All the
inspections between jt and (i — 1)t miss the minor defective stage in both scenarios:

P(T,, = Nt) = P((j — Dt < X; < jt,X, > Nt — X;)
¢
+P(( = DE <Xy <Jt(N =Dt +5 =X, <X <NE= Xy, X3 > Nt =X = X;

P
= Z j fr, () (1 = )r(1 — Fy, (Nt — x))dx ©)
=g-ne
Lot - [Nt—x
' ; J;j—l)tfx1 ot =nr f(N—l)t+%—x fr, ) (1 = Fyy (Nt — x = y))dydx.

X

| |
0 G-t Jt it e (N-DH2 T
Fig. 7. The system renews at age T after identifying the minor defective stage at it

The expected renewal cycle downtime of age based replacement renewal can be derived from
Egs. (8) and (9) as:

N-1

ED,(t) = ((N = 1)Ds + D,)P(Tyy = Nt) + Z((ZN —i—1)Ds + D, )P(T,, = Nt). (10)

i=1
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3.1.2. The expected renewal cycle length

These three kinds of expected renewal cycle length can be derived according to the three
different renewal scenarios.

3.1.2.1. The failure renewal scenarios

In order to derive the expected cycle length of failure renewal, the pdf of failure needs to be
formulated. Firstly, if the system fails in ((i — 1, it), the pdf of failure at Ty,
Tre((i—Dt+z (—1t+z+dz),z € (0,t) can be derived from Eq. (2) as:

((i—l)t+z<Tf<(i—l)t+z+dz)

(i-1)t+z—x o (11)
Z f | (1= 1) fiy (i, 0 fi (G = Dt + 2= x = y)dydxd.
G-Dt JAi-1t—x)

Similarly, the pdf of failure at T¢, Tr € (it + (k — 1)t/2 + z,it + (k — 1)t/2 + z + dz),
z € (0,t/2) can be derived from Eq. (3) as:
t t
P(it+(k—1)§+z<Tf <it+ (= 1)z+z+dz)
it+(k—1)5+z-x o ¢ (12)
= Z f Fal [ o= (it + - 15
g-nt it+(k—1)7—x

+z —x —y)dydxdz.

Accordingly, the expected renewal cycle length caused by failure renewal is expressed as:

EL(t) =th((i— Dt +2)P((i - Dt +2z<T; < (i — Dt +z+dz)
i=1"0

N-12(N-0) t

+; ; f(it+(k—1)%+z)P(it+(k_1)%+Z<Tf<it (13)
+(k—1)§+2+dz).

3.1.2.2. The inspection renewal scenarios

The expected renewal cycle length caused by an inspection renewal is given as:

N—1 N—-12(N-i)-1 Kt Kt
ELy(t) = Z itP(Tys = it) + Z Z (it + 7) P (T,,S =it+ ?). (14)
i=1 i=1 k=1

3.1.2.3. The age replacement renewal scenarios

The expected renewal cycle length of age based replacement renewal is:

N-1
EL,(t) = NtP(T,, = Nt) + Z NtP(T,, = Nt). (15)
i=1

3010 © JVE INTERNATIONAL LTD. JOURNAL OF VIBROENGINEERING. SEP 2015, VOLUME 17, ISSUE 6. ISSN 1392-8716



1732. A JOINT OPTIMAL POLICY OF INSPECTION AND AGE BASED REPLACEMENT BASED ON A THREE-STAGE FAILURE PROCESS.
RUIFENG YANG, JIANSHE KANG, HUDUAN WANG

3.1.3. The long-run availability

Based on the different expected renewal cycle downtime and length, the long-run availability
is given using the renewal theorem [25], as shown in Eq. (16):

EL/(T) + ELy(T) + EL,(T)

A =% Ds(T) + EDs(T) + ED,(T) + EL;(T) + ELs(T) + EL.(T)’

(16)

3.2. Model 2

The system is replaced at the time of defect identification no matter it is minor or major prior
to failure. The system is also renewed at failure and at the time of age based replacement.

In model 2, there also exist three kinds of renewals, namely failure renewal, age based
replacement renewal and inspection renewal. However, inspection renewal may be caused by the
identification of minor or severe defective stage, which is different from model 1. The expected
renewal cycle downtime and length are derived as follows.

3.2.1. The expected renewal cycle downtime
3.2.1.1. The failure renewal scenarios

As the system is renewed at the time of the identification of two defective stages, failure only
happens in the same interval before any defective stages are found. Therefore, the probability of
failure renewal is same to the Eq. (2). The expected downtime of failure renewal can be
derived as:

N N
ED;(t) = Z(Df + (i — 1)D;)P ((i —DE< Ty < it) = ZZ(Df
i=1 _ ' i=1j=1 (17)
jt it—x
+( —1)Dy) f (1 =) fy, () fxr, ) Fy, (it — x — y) dydx.
G-t JA(G-Dt-x)

3.2.1.2. The inspection renewal scenarios

The inspection renewal may be carried out once the defective stages are identified no matter it
i1s minor or severe. Therefore, two different renewal scenarios are considered.

1) The system is renewed at it when the severe defective stage is found firstly before the minor
defective stage is identified. The probability of this scenario is same to the Eq. (5). Thus the
expected renewal cycle downtime of this scenario is:

N-1

EDy(t) = Z(Dps +iDs)P(T,s = it)

i=1
g jt it—x o (18)
= Z Z(Dps + iDy) fx, () fx, @) (1 —7r)"7/(1 — Fy, (it
i=1 j=1 (-1t A(G-Dt-x)
—x —y))dydx.

2) The system is renewed at it when the minor defective stage is found firstly prior to failure,
see Fig. 8. All the inspections between ((] -1, it) miss the minor defective stage. The
probability of such a scenario is:
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P(Tym = it) = P(( — 1)t < Xy < jt, X, > it — X;)

. 19
= ZJ. fx, ()1 =7r)r(1 = Fy, (it — x)) dx. (19)
g-nt
X X
1 1 i 1 >
0 (]_1)[ ]t eee it eee T
Fig. 8. The system renews at it when the minor defective stage is identified
Accordingly, the expected renewal cycle downtime of this renewal is:
N-1
ED,,(t) = Z(me + iDg)P(Tyy, = it)
wer p (20)
= Z(me +iD) [ fi, )1 = 1) TIr(1 = Fy, (it — 1)) dx.
=17 U-nt

3.2.1.3. The age replacement renewal scenarios

The probability of this scenario is the same to the Eq. (8). Thus the expected renewal cycle
downtime of this event is given as:

[oe]

ED,(t) = (N —1)Ds + D,)P(T;; = Nt) = (N — 1)Ds + Dr)( le (x) dx
Nt

+Zf(] o 1—r)N—J'fxl(x)(l—FXZ(Nt—x)) dx o
Nt—x
+Z f(] 1)t(l =)V fy (%) (N—l)t—xfxz () (1 — Fy, (Nt — x — y))dydx |.

3.2.2. The expected renewal cycle length

Similarly, three different renewal scenarios should be considered in order to derive the
expected renewal cycle length.

3.2.2.1. The failure renewal scenarios
The system fails in an inspection interval before any defective stage is identified. The pdf of

such a renewal is similar to Eq. (11). So the expected cycle length of this failure renewal is
given by:

ELs(t) = J- (G=Dt+2)P((-Dt+z<T; < (i—Dt+z+dz)
al (i-Dt+z—-x o (22)
Z Z f J f (= Dt +2)(1 = 1) fi, (D fy,, 0 f, ((— Dt
i=1 j= J-DtA((i-1)t-x)

+z —x — y)dydxdz.
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3.2.2.2. The inspection renewal scenarios

The expected cycle length of an inspection renewal caused by the identification of severe
defective stage is:

N-1
ELy(t) = Z itP(Tys = it)
1 i . (23)
Z it f fr, () fr, ) (1 =)' (1 = Fy, (it — x — y))dydx.
i=1 j=1 -1t A((-1)t—x)

Moreover, the expected cycle length of an inspection renewal caused by the identification of
minor defective stage is given as:

N-1

EL,(t) = Z itP Ty = it)

_1 - (24)
Z LtJ- Fr, GO)(1 = 1) (1 — By (it — 1)) dx.
i=1 j=1 -1t
3.2.2.3. The age replacement renewal scenarios
The expected renewal cycle length of age based replacement renewal is given by:
EL.(t) = NtP(T,, = Nt) = Nt( fx, (x) dx
Nt
+ZJ (1 =N fy, (x)(1 = Fx, (Nt — x)) dx
G-Dt (25)
) Nt—x
+ Z f A= [ 0@ - Fy (Ve - x = y)dydx |
-1t (N-1)t—x
3.2.3. The long-run availability
In the similar way as Eq. (16), the long-run availability of model 2 is expressed as:
EL(T)+ELy(T)+EL,,(T)+EL.(T
A(T) = 7 (T) s(T) m(T) (T) 26)

EDg(T) + EDs(T) + ED,,(T) + ED,(T) + EL;(T) + ELy(T) + EL,,(T) + EL,(T)
4. Availability models with perfect inspection

The case of imperfect inspection has been presented in Section 3. Perfect inspection means
inspection can always reveal the state of system. The defective stage will be found immediately
once it occurs no matter it is minor or severe. Similarly, three different renewal scenarios are
considered, namely failure renewal, age based replacement renewal and inspection renewal with
the identification of minor or severe defective stage. The availability model with perfect inspection
follows the same principle as the imperfect inspection case. Therefore, the derivation of renewal
probabilities with perfect inspection will be left to Appendix.
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5. Case study

A case study is presented in this section to demonstrate the efficiency of the proposed models
and derive the optimal inspection and replacement intervals.

5.1. Wind turbine gearbox experiment

The experimental system used in this paper mainly concentrates on the bearings condition
inspection of wind turbines. The gearbox of industrial wind turbine is inspected aperiodically by
SPM instrument, as shown in Fig. 9. The system includes two gearboxes, one is speed-down
gearbox, other is speed-up gearbox. Four motors are used, a 1000 kw for driving the gearboxes
and three motors for loading with power 355 kw, 500 kw and 655 kw respectively. A speed and
torque sensor is to measure the rotating speed. The speed-up gearbox is the test gearbox. In the
test gearbox, the ring gear is stationary, a sun gear rotates around a fixed center, and planet gears
not only rotate around their own centers but also revolve around the center of the sun gear. The
planet gears mesh simultaneously with both the sun gear and the ring gear. The inner structure of
the test gearbox and measuring points of SPM sensor are depicted as Fig. 10.

355 kw motor 500 kw motor 655 kw motor  Speed and Speed-up Speed-down Coupling 1000 kw motor
for loading for loading  for loading  torque sensor gearbox gearbox for driving

SPM instrument  Shock pulse sensor

TS
Fig. 9. The gearbox test rig of FL600 wind turbine

The maintenace data we collected include threefolds: the time that the bearings starts to
operate; the time that the bearings are replaced because of the identified defect, age replacement
or failure; the time that last inspection before renewal or replacement.

After a period of experiment, the maintenance data of bearings are collected, as shown in
Table 1.

Table 1. The renewal data of rolling bearings

Start Happen Minor Severe Age . Inspection
time tiIr)rll)e defect defect replaciment Failure | Length 'Fime

0 219 N 219 194
325 370 N 45 21
398 413 N 15 0
459 497 N 38 17
518 717 N 199 149
727 785 N 58 29
801 878 N 77 54
883 924 N 41 26
939 952 N 13 0
965 1022 N 57 28
1037 1109 v 72 42
1112 1407 Normal when the inspection is ended 283
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5.2. Maximum likelihood method

The maximum likelihood method are used to estimate the parameters as this method only needs
to konw the probability density function of each renewal event. The parameters are estimated
through maximizing the multiplication of each density function.

The inspection and age replacement intervals are assumed as t and T respectively.
Maintenance will be implemented once the minor defective stage is identified. Otherwise,
replacement will be carried out.

After the inspection for a period of time, we can derive some information as follows:

1) Total Ny, times of minor defect renewal are occurred at the time (t, ty,..., tj,..., tym)
respectively;

2) Total N times of severe defect renewal are occurred at the time (¢q, t,,..., th,..., tys)
respectively;

3) Total N, times of age replacement renewal are occurred at the time (Ty, Ts,..., Ty,--., Tyy)
respectively;

4) Total Ny times of failure renewal are occurred at the time (xi, X3,..., Xg,..., Xnf)
respectively;

5) The bearings are normal at the ending time t.

The likehood function can be derive by multipling the probabilty of each renewal event as:

Nm Ng Ny Ny
L=AT [« | [R@ | [P« | [prep) {+ 2o @)
j=1 n=1 u=1 q=1

where Pm(tj): The probability of jth minor defect renewal at t;; Ps(t,): The probability of nth
severe defect renewal at t,,; ps (xq): The probability of qth failure renewal at x,; Pyg(T,,): The
probability of uth age replacement renewal at T,; P, (t): The probability of no renewal event at

the ending time t.
The Eq. (27) can be changed as:

Nm Ng Ny Ny
logl. = | [10g1Pu(e1 + | [toglPct)) + | [to8lPar(T) + | [108n, o)) 28)
j=1 n=1 u=1 q=1

HloglP, (£)].

From the Eq. (28), the log likehood function can be derived according to the probability of
each renewal event. The estimated values of parameters are achieved by maximizing the log
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likehood function. Here, the probability of each renewal event can be derived according to the
Sections 3 and 4.

5.3. Parameter estimation

Before estimating the parameters, the distribution type of these three stages should be
determined, which can be viewed as the foundation of maintenance decision. As the Weibull
distribution is one of the most commonly used distributions in reliability [26], these three stages
are assumed to follow Weibull distributions and the pdf of the nth (n = 1, 2 and 3) stage is:

fie, (X) = @by (anx)Pnle~ @0, (29)

where a,,, b,, are scale parameter and shape parameter respectively.

The useful information can be derived from the Table 1:

1) Total 5 times of minor defect renewal are occurred at the time t; = (219, 45, 199, 77, 57)
respectively and the last inspection time before renewal is (194, 21, 149, 54, 28) respectively;

2) Total 3 times of severe defect renewal are occurred at the time t,, = (15, 58, 13) respectively
and the last inspection time before renewal is (0, 29, 0) respectively;

3) Total 2 times of age replacement renewal are occurred at the time T;, = (38, 41) respectively
and the last inspection time before renewal is (17, 26) respectively;

4) Total 1 time of failure renewal are occurred at the time x,; = 72 respectively and the last
inspection time before renewal is 42 respectively;

5) The bearings are normal at the ending time 283.

The log likehood function can be derived according to above information:

5 3 2 1
togl, = | [1oglBa(t] + [ [1081Ace1 + | [1oglPan(rd) + [ J108lp, i) 0
+log][;:l(283)]. i ! !

Through maximizing the log L, the distribution parameters of these three stages can be
estimated as Table 2.

On the other hand, the downtime parameters are given by the experimence of maintenance
operators in the industry, as shown in Table 3.

Table 2. The estimation value of lifetime distribution parameters
a by a b, az bs
0.0154 | 1.156 | 0.0174 | 1.758 | 0.0182 | 2.973

Table 3. Downtime parameters
Dy D, Dpm Dps Dy T
1 3 5 10 50 0.6

5.4. Maintenance decision-making

Depending on the given distribution and downtime parameters, we can determine the optimal
decision variables and analyze the outputs of the proposed models.

As for the availability models with imperfect inspection in Section 3, Figs. 11 and 12 show the
results of the two proposed models in terms of the inspection and replacement intervals. In model 1
(halving the subsequent inspection intervals when the minor defect is identified with imperfet
inspection), the optimal intervals are t* = 37, N* = 2 with maximum long-run availability
A*(37,2) = 0.9269. However, the optimal intervals are t* = 39, N* = 2 with maximum long-run
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availability A*(39, 2) = 0.9236 in model 2 (repair immediately when the minor defect is identified
with imperfet inspection).

On the other hand, the results of the availability models with perfect inspection case in terms
of the two decision variables are presented in Figs. 13 and 14. The optimal intervals are t* = 40,
N* = 2 with maximum long run availability A* (40, 2) = 0.9248 in model 3 (halving the
subsequent inspection intervals when the minor defect is identified with perfet inspection). But
the optimal solutions are t* = 48, N* = 2 with maximum long run availability A*(48, 2) = 0.9208
in model 4 (repair immediately when the minor defect is identified with perfet inspection).

\

\
/

Availability A(z,N)
= =
S o e
o ~ =

S
%
3

e
o R
v

2 30 inspection interval ¢
Fig. 11. The long-run availability of the model 1 with imperfect inspection

Availability A(z,N)

2 30 4 inspection interval ¢

Fig. 12. The long-run availability of the model 2 with imperfect inspection

S
15
IS

Availability A(t,N)
e
5

S
%
3
2

2 30 40 inspection interval ¢
Fig. 13. The long-run availability of the model 3 with perfect inspection
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Fig. 15 presents the results of the four proposed models for comparison. As all of the optimal
N of four models are 2, Fig. 15 gives the availability values with constant N =2 and different
inspection intervals t.

From the results, we can see that the optimal availability value of model 1 is larger than
model 2 under the imperfect inspection case. The same results can be derived under the perfect
inspection case. It shows that no matter the perfect inspection or not, the models 1 and 3 is optimal
compared with models 2 and 4 with the given parameters from the numerical examples. The results
mean that shortening the inspection interval is better than replacing immediately regarding the
maximum long-run availability under the joint policy of inspection and age replacement. The
results also shows the efficiency and importance of delaying the maintenance action based on the
three-stage failure process. Therefore, when the minor defective stage is identified, the optimal
action is to shortening the subsequent inspection interval for these systems subject to three-stage
failure process. This conclusion can help the managers make scientific maintenance decisions.

0.93

e
o
S

Auvailability A(z,N)
=
o

=
® o
v

70

2 30 inspection interval ¢

Fig. 14. The long-run availability of the model 4 with perfect inspection

0.935 T

0.93+ —— Model 1|
- A4(37.2)=0.9269 Model 2
0925 . —— Model 3
a oo -2)=0. Model 4 |
=
iz 0.915F
£ oo
E
Z 0905
0.9
0.895
0.89 ,
0885 L L L L L L L L L
20 25 30 35 40 45 50 55 60 65 70

inspection interval ¢

Fig. 15. The comparison of the four models
6. Conclusions

Regular inspections and age based preventive replacement are common activities in industrial
maintenance actions. In this paper, a joint optimal policy of inspection and age based replacement
for a single component based on a three-stage failure process is proposed aiming at jointly
optimizing the inspection and replacement intervals. The objective is the maximum long-run
availability. Three states of system are divided before failure by the concept of three-stage failure
process, namely normal, minor defective and severe defective. Age based replacement policy is
also considered due to its wide applications in industry. The system is replaced when it fails or
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reaches certain age. Once the severe defective stage is identified, maintenance action is carried
out. Two different models are proposed according to the different measures of identifying the
minor defective stage. A case study is presented to demonstrate the efficiency of the proposed
models. The results show that delaying the maintenance action is better than replacing
immediately based on the three-stage failure process with this joint maintenance policy.

Further research with the concept of three-stage failure process can be developed such as:
1) The complex or multi-component system which are more commom in practice can be
considered, 2) The combination of condition-based maintenance and the concept of three-stage
failure process should be considered as the identification of the three stages will be easier with
condition-based maintenace policy. These issues will be researched in the future.
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Appendix
Al. The renewal probabilities with perfect inspection

The main difference between perfect inspection and imperfect inspection is the difference of
renewal probabilities. The derivation process of long-run availability is similar. Therefore, we
only list the three renewal probabilities for simplicity with two models.

A2. Model 3

1. The failure renewal scenarios

Similarly, there are also two scenarios depending on whether the minor defective stage is
identified.

1) The system fails in ((i -1, it) before any defective stages are identified. The severe
defective stage and failure must happen in the same interval. The probability of this event is:

P((i—l)t<Tf<it)
=P((i—-Dt<X; <it,0 <X, <it—X;,0 < X3 <it—X; —X;)

it it—x (Al)
[ p@ [ R G -x - yayax
G-t 0
The pdf of failure at Ty, Ty € ((i — Dt + 2z, (i — Dt +z + dz), z € (0,t) is:
P((-Dt+z<T<(—-Dt+z+dz)
t (i-Dt+z (i-Dt+z—x
- [ @-ve+n fu@ | fa O, (= Dt (A2)
0 (i-1)t 0

+z —x —y)dydxdz.

2) The system fails in (it + (k — 1)t/2,it + kt/2) after the minor defective stage is
identified at it and the subsequent inspection interval is halved. The probability of such a renewal
is:
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(i-Dt< X, <it,
t t
t t ; _pni_ ki
P(it+(k—1)z<Tf<it+k§)=P i+ e-D7 - <X, <it+ko—X,

t
O<X3<it+kE—X1—X2 (A3)

it it+ks—x t
= f fx, () . S0 F, <it + kz —x— y) dxdy.
(

i-1)t it+(k—1)5-x

The pdf of failure at T¢, Tr € (it + (k — Dt/2 + z,it + (k — Dt/2 + z+ dz),z € (0,t/2)
is:

. t (k=1
P lt+(k—1)E+Z<Tf < lt+T+Z+dZ
t/2 t it it+(k— 1) +z—x t (A4)
-| (it+(k—1)5+z)f fu@ [ Fra ) fis (it + (k= 1)
0 (i-1)t it+(k— 1)——x

+z —x — y)dxdydz.

2. The inspection renewal scenarios
1) The system is renewed at it because of the first identification of severe defective stage at
it. The minor and severe defective stages happen in the same interval. The probability is:

P(T lt)—P((l_l)t<X1<lt0<X2<lt Xl,X3>lt_X1—X2)

- [ [ ) (1Bt —x—)) dydx. (A9
( 0

i-1)t

2) The system renews after the minor defective stage is found at it and severe defective stage
at it + kt/2. The probability is:

i-Dt< X <it
kt ( k—1)i_x <x,<i kt Xﬁ
P(Tps=it+7)=P it + (k- )E_ 1 <Xy <it+— =X,

kt
it it+kt/2-x
[ e f, ) (1= Fy it + kt/2 = x = ) dxdy.
(i-1t it+(k—-1)t/2—x

3. The age replacement renewal scenarios

1) The age replacement renewal happens when the system reaches the age T before any
defective stages are identified. However, three scenarios are considered respectively, namely the
normal stage exceeds the age T, the minor defective stage is longer than T — X; and the severe
defective stage is longer than T — X; — X,. The probability is:

P(T,, = Nt) = P(X, > Nt) + P((N — 1)t < X; < Nt,X, > Nt — X;)
+P((N — 1)t < X; < Nt,0 < X, < Nt — X;, X3 > Nt — X; — X;)

= | fy()dx+ f fx, () (1 = Fy, (Nt — x)) dx AN
Nt (N-1)t
Nt Nt—x

tf @[ 0 (1= B e x =) dyie
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2) The age replacement renewal happens when the system reaches the age T after identifying
the minor defective stage at it. The probability of such a renewal is:

P(T,, = Nt) = P((i — )t < X; < it,X, > Nt — X,)
+P((i— Dt <X, <it,(N—1Dt+1t/2—X; <X, <Nt —X;,Xs >Nt — X; — X,)

= f( ‘ fr, (@) (1 — Fy, (Nt — x)) dx (A8)

i-1)t

i1t (N-Dt+5-x

it Nt—x
+ f( fi () fro ) (1= Fy, (Nt = x = y)) dydx.

A3. Model 4

1. The failure renewal scenario

The renewal probability of this scenario is the same as Eq. (A1).

2. The inspection renewal scenarios

1) The renewal probability of inspection renewal caused by the identification of severe
defective stage first prior to failure is the same as Eq. (A5).

2) The system renews at it because of the identification of minor defective stage. The
probability is:

P(Tym = it) = P((i — D)t < X; < it, X, > it — X;)

- f( ! F () (1 = Fy, (it — x)) d. (A9)

i-1)t

3. The age replacement renewal scenario

The probability of age replacement renewal is the same as Eq. (A7).

Based on the given renewal probabilities of three renewal scenarios, the expected renewal
cycle downtime and length can be derived using the same way as Section 3. Accordingly, the
availability models can be built using the renewal theorem.
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