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Abstract. A new combination method of beam-type finite element multiwavelet-based algorithm 
and least square support vector regression (LSSVR) algorithm is proposed for detecting the 
location and size of a crack in a pipe. According to operators of engineering problems, 
Rayleigh-Euler and Rayleigh-Timoshenko beam-type multiwavelets are constructed using the 
stable completion in the multiresolution finite element space. A rotational spring model is used 
for cracked pipe modeling and the local flexibility due to the crack is calculated by discrete 
approximation method. An adaptive subspace iteration algorithm (ASIA) is applied to efficiently 
approximate the exact solution of pipe model by adding new beam-type multiwavelets in each 
scale. To avoid the difficulty of constructing well-defined mathematical models, the normalized 
crack location and depth is detected by using LSSVR algorithm. The numerical and experimental 
results verify that the presented method can accurately identify the location and depth of crack in 
a pipe. 
Keywords: pipe crack, multiwavelet, adaptive subspace iteration algorithm, least square support 
vector regression algorithm. 

1. Introduction 

Nowadays, pipes have been extensively applied in hydraulic engineering, petrochemical 
industry, agriculture engineering, civil engineering, etc. Research in vibration-based structural 
crack detection has been rapidly expanding over the recent several years [1-3]. Comparing with 
other non-destructive testing methods, i.e. ultrasonic, ܺ-ray,  magnetism method, the 
vibration-based methods are convenient and economical to determine the location and size of a 
crack from changes of vibration parameters, such as a reduction in the stiffness, increase in the 
damping, etc [4]. Much work has been dedicated to the crack modeling and associated crack 
diagnosis for vibration-based crack detection. The rotational spring model represents the crack as 
an additional rotational flexibility, which establishes the relationship between frequencies and 
crack information including location and size [5-9]. The bending moment model simulates the 
crack by comparing static bending moment and equivalent periodical bending moment [10]. The 
section modulus approach models the crack on the basis of appropriately reducing the section 
modulus of cracked structures [11-12]. In order to identify the location and depth of the cracks, a 
combined approach including model-based methed (forward problem) and crack search algorithm 
(inverse problem) becomes much emphasized by researchers [13-16]. Therefore, precise models 
of the structures with cracks and optimized crack algorithm are required for the forward problem. 
The cracked structures have usually been modeled to build the database of modal parameters using 
conventional finite element method (FEM) [13, 15], wavelet-based finite element method  
(WFEM) [17-18], etc.  

Traditional wavelets are constructed by scaled and shifted versions of a single mother wavelet 
on a regularly spaced grid over a theoretically infinite or periodic domain. Therefore, they can not 
be constructed on finite meshes commonly encountered in finite element analysis. 
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Second-generation wavelets constructed by the lifting scheme [19-20] were developed to 
eliminate the restriction and deficiency of traditional wavelets and have gradually been applied in 
solving various mathematical and engineering problems. Castrillón-Candás and Amaratunga 
constructed spatially adaptive multiwavelets based on the lifting scheme to solve integral 
equations at high convergence rate [21]. Goh et al. constructed compactly supported biorthogonal 
multiwavelets with optimum time-frequency resolution [22]. Amaratunga et al. developed 
operator-customized wavelets based on stable completion and approximate Gram-Schmidt 
orthogonalization methods for finite element basis function of any given order on unstructured 
meshes of engineering problems [23-24]. Wang and Chen constructed a new kind of finite element 
multiwavelets based on the lifting scheme for adaptive structural modal analysis according to the 
operators of structural problems [25]. 

For the inverse problem analysis, it can be considered as the measurement of dynamic 
parameters and the search of crack location and depth from the crack detection database. The 
vibration data or signal of cracked structures is processed to detect the changes of modal 
parameters using signal processing method. The first three frequencies response functions of 
normalized crack location and depth are obtained by means of surface-fitting techniques [17, 26]. 
However, the difference between model-based solutions and measured frequencies will cause the 
failure of structural crack identification due to structural damping, boundary condition, etc. To 
solve this problem, the ‘zero-setting’ procedure was presented [27], which modified structural 
Young’s modulus to coincide with the real structure work condition by using the measured 
uncracked natural frequencies. However, the modification of Young’s modulus neglects many 
other factors, which may distort the modal parameters of a real structure.  

In this paper, an adaptive subspace iteration algorithm (ASIA) is applied to solve the model of 
cracked pipe structures accurately. For the inverse problem analysis, we use the LSSVR algorithm 
[28-29] to search the optimized solution of pipe crack detection, which avoids the weakness of 
conventional model modification techniques. To investigate the robustness and accuracy of the 
proposed method, some numerical examples and experimental cases of cracked pipe are conducted. 

2. The construction of beam-type finite element multiwavelets 

The engineering eigenvalue problems are generally modeled by multiresolution finite element 
method. The multiresolution finite element space can be seen as a generalized hierarchical 
framework constructed from a wavelet perspective of finite element space. The scaling functions ߶௝,௞ ൫݇ ∈  ൯ can be simply chosen to be the finite element interpolating functions and the(݆)ܭ
wavelets ߮௝,௠ ൫݉ ∈  ,൯ are the detail interpolating polynomials in the wavelet space [23-24](݆)ܯ
where ݆ ∈ (݆)ܭ is some index set associated with scaling functions of level ݆ and (݆)ܭ ,is an integer index set associated with resolution levels ܬ ,is the level of resolution ܬ = ݆)ܭ +  To .(݆)ܭ\(1
make the multiscale hierarchical matrix diagonally sparse, various finite element multiwavelets 
are constructed according to the operators of different problems. 

2.1. Stable completion 

The stable completion [30] is a method to construct interpolating multiwavelets with specific 
defined properties in the multiresolution finite element space. Comparing to the lifting scheme 
[19-20], the stable completion is more flexible and efficient to construct new multiwavelets with 
high vanishing moments, which is important for the scale decoupling of stiffness matrix and mass 
matrix in the multiscale computation. The stable completion assembles a new compact 
multiwavelet as a linear combination of several primitive wavelets and interior scaling functions: ߮௝,௠ᇲ = ෍ ݃௝,௠,௠ᇲ߮௝,௠௠ − ෍ ௝,௞,௠ᇲ߶௝,௞௞ݏ = ෍ ݃௝,௠,௠ᇲ߶௝ାଵ,௠௠ − ෍ ௝,௞,௠ᇲ߶௝,௞௞ݏ , (1)
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where ݃௝,௠,௠ᇲ  and ݏ௝,௞,௠  are the stable completion coefficients with ݉ᇱ ∈ (݆)ܯ . The stable 
completion provides us much freedom to design the wavelets by choosing appropriate stable 
completion coefficients. The stable completion coefficients can be computed by computing a basis 
for the null space of the local interaction matrix ௝ܴ in the scale-orthogonal relationship equations: 

௝ܴ ൤ ௝,௞,௠ᇲ݃௝,௠,௠ᇲ൨ݏ = ൣܽ൫߶௝,௞∗ᇲ߶௝,௞൯ ܽ൫߶௝,௞∗ᇲ߶௝ାଵ,௠൯൧ ൤ ௝,௞,௠ᇲ݃௝,௠,௠ᇲ൨ݏ = 0, (2)

where, ߶௝,௞∗  are all the scaling functions on a given domain Ω௝ , ߶௝,௞  are the subset of scaling 
functions that are all interior in the domain Ω௝  and ܽ(•,•)  is the operator in the differential 
equations, engineering problems, etc. According to the scale-decoupling conditions in Eq. (2), we 
can get the principle of construction of the scale-decoupling wavelet bases according to the 
inheritance of vanishing moments property [23]. 

2.2. Rayleigh-Timoshenko beam-type multiwavelets 

According to Rayleigh-Timoshenko beam theory, the equation of motion is of the form [31]: 

ܣߩ ߲ଶݐ߲ݓଶ − ݔ߲߲ ൤ܭܣܩ௦ ൬߲ݔ߲ݓ + ൰൨ߠ = 0, ܣߩ(3) ߲ଶݐ߲ݓଶ − ݔ߲߲ ൬ܫܧ ൰ݔ߲ߠ߲ + ௦ܭܣܩ ൬߲ݔ߲ݓ + ൰ߠ = 0, (4)

where ݓ denotes the transverse displacements, ߠ the rotation of cross-section, ߩ the mass density 
per unit length, ܣ the area of cross section, ܧ the modulus, ܫ the second moment of area, ܩ the 
shear modulus, ܭ௦  is the shear correction factor. The operators corresponding to the stiffness 
matrix in the element free vibration have two types of multiwavelets in the form: 

ܽଵଵ൫߮௜ଵ, ߶௝ଵ൯ = න ௦ܭܣܩ ݀߮௜ଵ݀ݔ ݀߶௝ଵ݀ݔଵ
଴ ,ݔ݀ (5)

ܽଵଶ൫߮௜ଵ, ߶௝ଶ൯ = ඲ ௦ܭܣܩ ݀߮௜ଵ݀ݔଵ
଴ ߶௝ଶ݀ݔ = ܽଶଵ൫߮௜ଶ, ߶௝ଵ൯, (6)

ܽଶଶ൫߮௜ଶ, ߶௝ଶ൯ = න ܫܧ ݀߮௜ଶ݀ݔ ݀߶௝ଶ݀ݔଵ
଴ ݔ݀ + ݈௘ଶ න ௦߮௜ଶ߶௝ଶଵܭܣܩ

଴ ,ݔ݀ (7)

where ݅ ∈  :The operators for mass matrix are .ܬ

ܾଵ൫߮௜, ߶௝൯ = න ௜ଵ߮ܣߩ
଴ ߶௝݀ݔ, (8)ܾଶ൫߮௜, ߶௝൯ = න ௜ଵ߮ܣߩ
଴ ߶௝݀ݔ. (9)

According to the operator of Rayleigh-Timoshenko beam problems, we can construct 
multiwavelets based on the stable completion method, which ensure the scaling functions and 
wavelet functions are orthogonal with respect to the operator (5)-(9). Figs. 1(a) and 1(b) show 
quadratic and cubic Rayleigh Timoshenko beam-type multiwavelets on the support (–1, 1), 
respectively. 



1376. CRACK DETECTION IN A PIPE BY ADAPTIVE SUBSPACE ITERATION ALGORITHM AND LEAST SQUARE SUPPORT VECTOR REGRESSION.  
YOUMING WANG, QING WU 

 © JVE INTERNATIONAL LTD. JOURNAL OF VIBROENGINEERING. SEP 2014, VOLUME 16, ISSUE 6. ISSN 1392-8716 2803 

 
a) 

 
b) 

Fig. 1. Rayleigh Timoshenko beam-type multiwavelets: a) Quadratic, b) Cubic 

2.3. Rayleigh-Euler beam-type multiwavelets 

Considering rotary inertia of beam, the governing equation of transverse vibration of 
Rayleigh-Euler beam is (Reddy 2004 [31]): 

ܣߩ ߲ଶݐ߲ݓଶ − ܫߩ ߲ସݐ߲ݓଶ߲ݔଶ + ߲ଶ߲ݔଶ ቆܫܧ ߲ଶݔ߲ݓଶ ቇ = ,ݔ)ݍ (10) ,(ݐ

where ܧ ,ܣ ,ߩ and ܫ have the same meaning as Rayleigh-Timoshenko beam. The operators for 
Rayleigh-Euler beam element can be derived as: 

ܽ൫߮௜, ߶௝൯ = න ܫܧ ݀ଶ߮௜݀ݔଶ ݀ଶ߶௝݀ݔଶଵ
଴ ,ݔ݀ (11)ܾ൫߮௜, ߶௝൯ = න ܫߩ ݀߮௜݀ݔ ݀߶௝݀ݔଵ
଴ ݔ݀ + ݈௘ଶ න ௜߶௝ଵ߮ܣߩ

଴ .ݔ݀ (12)

Fig. 2(a) shows a cubic Euler-Bernoulli beam multiwavelet with three vanishing moments on 
the support (0, 3). For quintic Hermite scaling functions, we can construct new multiwavelets on 
the support of two elements with two vanishing moments as shown in Fig. 2(b). To satisfy the 
operator-orthogonality in Eq. (12), new multiwavelets must be constructed with two more 
vanishing moments. 

 
a) 

 
b) 

Fig. 2. Rayleigh Euler-Bernoulli beam-type multiwavelets: a) Cubic, b) Quintic 

3. Crack detection based on ASIA and LSSVR 

3.1. Pipe crack model 

Fig. 3 shows a transverse crack of depth ℎ is considered on a pipe and the crack section. The 
total length of the pipe is ܮ௧ , the lengths of pipe support are ܮ௔  and ܮ௕ . The inner and outer 
diameter of the pipe are ܦ௔  and ܦ௕ , resectively. The normalized crack location and depth are  
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ߚ = ߙ and ܮ/݈ = ℎ/ܦ௕, resectively. The rotational spring model is used to model the cracked pipe. 
To overcome the difficulty in calculating local flexibility in the model, we consider a cracked pipe 
as a combination of a series of thin annuli. The stress intensity factor of a thin annulus can be 
calculated by analytical method presented by Tada et al. [32]. The stress intensity factor can be 
resolved to the desired accuracy when the number of divided thin annulus is large enough.  

Considering the crack as a non-dimensional rotational linear spring [7-8], the cracked stiffness 
matrix can be written as: 

௖ܭ = ൤ (ܿ௠)ିଵ −(ܿ௠)ିଵ−(ܿ௠)ିଵ (ܿ௠)ିଵ ൨, (13)

where ܿ௠ is dimensionless compliance matrix calculated by local flexibility according to the strain 
energy theory in Reference [33]. The cracked stiffness submatrix ܭ௖ can be assembled into the 
global stiffness matrix and the cracked structural model based on the finite element multiwavelets 
is constructed. The solution of the eigenvalue problem for pipe structure can proceed as that of 
uncracked pipe structure. 

l
w

aD bD

 
Fig. 3. Simply supported pipe with a crack 

3.2. Adaptive subspace iteration algorithm (ASIA) 

The eigenvalue equation for pipe structure: ߣܭ − ߱ଶߣܯ = 0, (14)

can be discretized by interpolating multiwavelets at level ݆  and the generalized eigenvalue 
problems can be obtained as: ܭ௝ାଵߣ௝ାଵ = ௝߱ାଵଶ ,௝ାଵߣ௝ାଵܯ (15)

where ܭ௝ାଵ and ܯ௝ାଵ are multilevel stiffness and mass matrices at level ݆ +  ௝ାଵ and ௝߱ାଵ  areߣ ,1
the eigenvectors and eigenvalues at level ݆ + 1. The multilevel stiffness matrices ܭ௝ାଵ and ܯ௝ାଵ 
of eigenvalue equation can be denoted in the two-level form: 

௝ାଵܭ = ቈܽ൫߶௝,௣, ߶௝,௤൯ ܽ൫߶௝,௣, ߮௝,௤൯ܽ൫߮௝,௣, ߶௝,௤൯ ܽ൫߮௝,௣, ߮௝,௤൯቉, (16)

and: 

௝ାଵܯ = ቈܾ൫߶௝,௣, ߶௝,௤൯ ܾ൫߶௝,௣, ߮௝,௤൯ܾ൫߮௝,௣, ߶௝,௤൯ ܾ൫߮௝,௣, ߮௝,௤൯቉. (17)

Since the reference or exact solution may not be found in general engineering eigenvalue 
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problems, the eigenvalue solution at level ݆ + 1 is used to replace the exact eigenvalue solution 
and the error estimator is given: 

௝ߦ = ቤ ௝߱ାଵ − ௝߱ ௝߱ାଵ ቤ. (18)

Given an initial domain Ω௝, an initial scale ݆ = 0, a global tolerance ߝ and an iteration tolerance ߬, an adaptive subspace iteration algorithm is presented to solve structural eigenvalue problems. 
The multiscale method for eigenvalue problems is programmed as follows: 
(1) Select initial vector ௝ܺ଴ at level ݆, let ௝ܻ = ௝ܯ ௝ܺ଴. The initial eigenvector can be chosen 

randomly, but not orthogonal to ߣ௝, i.e. satisfy the equation ( ௝ܺ଴)்ܯ௝ߣ௝ ≠ 0.  
(2) Solve the equation ܭ௝ ௝ܺଵ = ௝ܻ . The scale-decoupling property of multilevel stiffness 

matrices ensures that it is unnecessary to factorize the stiffness matrices at each level. 
(3) Construct new stiffness and mass matrices from: ܭ෩௝ = ( ௝ܺଵ)் ௝ܻ, (19)

and let ܻᇱ௝ = ௝ܯ ௝ܺଵ, then: ܯ෩௝ = ( ௝ܺଵ)்ܻᇱ௝. (20)

(4) Compute the approximate value of Λ௝∗ from: ܭ෩௝ߣ௝∗Λ௝∗ = ௝∗, (21)ߣ෩௝ܯ

where: 

Λ௝∗ =
ێێۏ
ێێێ
ۍێ 1߱௝,ଵଶ 1߱௝,ଶଶ ⋱ 1߱௝,௡ଶ ۑۑے

ۑۑۑ
(22) .ېۑ

(5) Compute the iteration error estimator ߟ௝,௜ in the form: 

௝,௜ߟ = ቤΛ௝∗(݅ + 1) − Λ௝∗(݅)Λ௝∗(݅ + 1) ቤ, (23)

and test whether it satisfies ߟ௝,௜ < ߬. If it does not, go to step (6), otherwise, go to step (7). 
(6) Regenerate ௝ܻ = ܻᇱ௝ߣ௝∗., go to step (2). 
(7) Let ௝߱∗ = (Λ௝∗)ିଵ/ଶ, compute the global tolerance ߦ௝ and test whether ߦ௝ <  ,If it does not .ߝ

go to step (8), otherwise, go to step (9). 
(8) Calculate the local error estimators ߜ௝,௡ in each local domains Ω௝,௡ in the following form: 

௝,௡ߜ = ቤ ௝߱ାଵ,௡∗ − ௝߱,௡∗
௝߱ାଵ,௡∗ ቤ, (24)
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and let ߜ௝୫ୟ୶ = max(ߜ௝,௡). If ߜ௝,௡ ≥  ௝୫ୟ୶, the wavelet bases into the local domains and formߜߠ
new stiffness and mass matrices at the level ݆, go to step (1). 

(9) Output the eigenvalue ௝߱ = ௝߱∗ and the eigenvectors are computed in the form: ߣ௝ = ௝ܺ,ଵߣ௝∗. (25)

3.3. LSSVR algorithm 

According to the structural risk minimization principle, the regression problems can be 
expressed as a constrained optimization problem in the form [28-29]: 

min ܬ(߸, ݁) = 12 ߸்߸ + 2ܥ ෍ ݁௜ଶ௟
௜ୀଵ , .ݏ(26) ௜ݕ  .ݐ = (௜ݔ)ߔ்߸ + ݒ + ݁௜, ݅ = 1, . . . , ܰ, (27)

where ݁௜ is the error. The solution of LS-SVM regressor will be obtained after we construct the 
Lagrangian function: 

,߸)ܮ ,ݒ ݁, (ݑ = ,߸)ܬ ݁) − ෍ (௜ݔ)ߔ்߸}௜ݑ + ݒ + ݁௜ − ௜}௟ݕ
௜ୀଵ , (28)

and a system of linear equations can be derived based on KKT condition: 

൤ 0 1ே்1ே ℧ + ே൨ܫଵିߛ ቂݑݒቃ = ቂ0ܲቃ, (29)

where ܲ = ,ଵ݌] ⋯ , ்[ே݌ , 1ே = [1, ⋯ ,1]்  and ݑ = ,ଵݑ] ⋯ , .்[ேݑ  Here, ܫே  is an ܰ × ܰ  identity 
matrix, and ℧ ∈ ℝே×ே is the kernel matrix defined by: ℧௜௝ = Φ(ݔ௜)்Φ൫ݔ௝൯ = Ξ൫ݔ௜, .௝൯ݔ (30)

The kernel function Ξ(•,•) typically has several options, such as the linear, polynomial, radial 
basis function (RBF) kernel, etc. We choose the RBF as the kernel of LS-SVR.  

3.4. Crack detection 

According to linear fracture mechanics theory, the additional localized flexibility in crack 
vicinity can be represented by a lumped parameter element [16]. With the crack propagation, the 
local flexibility and dynamic characteristics of the pipe structure will change accordingly, which 
can be used to identify crack location and size. The determination of natural frequencies ݂ for a 
given crack location and depth can be obtained by the inputs of normalized crack location ߚ and 
depth ߙ. The relationship between natural frequencies ௥݂ ݎ , = 1, 2, 3,… and crack parameter can 
be denoted as: 

௥݂ = ,ߚ)௥ܨ ݎ   ,(ߙ = 1, 2, 3, …, (31)

where ܨ௥ is the function relation. The identification inverse problem of pipe crack, determining 
the normalised crack location ߚ and depth ߙ, can be written as: (ߚ, (ߙ = ௥ିܨ ଵ( ௥݂),   ݎ = 1, 2, 3, …. (32)
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Usually, the crack location and size of the pipe structure can be identified by the first two 
frequencies. Because natural frequencies change a little when the crack appears at the node of 
corresponding order, the first three frequencies are always used as input parameters of inverse 
problem to identify structural crack. 

The pipe crack can be accurately detected by the combination of multiwavelet-based element 
method and LSSVR algorithm. The identification process can be summarized as following. 

(1) The cracked structure model was built using multiwavelet-based elements and the database 
of pipe structure employing first three natural frequencies of the pipe structure with different 
location and size are solved by ASIA.  

(2) Construction of prediction model of pipe crack. The training sample set for the LSSVR 
model is built as { ௜݂ } ,{ߙ ௜݂  by use of the detection data and the regression parameter was {ߚ
solved by LSSVR algorithm.  

(3) Extracting the first three frequencies of the pipe structure form vibration experiments based 
on FFT method.  

(4) The first three measured natural frequencies are employed as input parameters and 
identifying the crack location and depth by the trained LSSVR.  

4. Numerical and experimental results 

4.1. Numerical investigation 

To verify the validity of multiwavelet-based Rayleigh Euler and Rayleigh Timoshenko beam 
elements, a typical pipe with different length under different boundary condition are illustrated. 
The first three frequencies of uncracked and cracked pipe models are solved by ASIA. To predict 
the crack location and depth, multiwavelet-based cracked pipe models are used to detect the crack 
in a pipe under a given prediction error estimator. 

Example 1. Given a simple supported pipe, the pipe geometries and the material properties are 
as follows: pipe length ܮ = 1 m, ܽܮ = 0.005 m, ܾܮ = 0.005 m, inner diameter ܦ௔ = 0.05 m, outer 
diameter ܦ௕ = 0.06 m, Young’s modulus ܧ = 1×1011 N/m2, ܩ = 6×1010 N/m2, material density ߩ = 7900 kg/m3, Poisson’s ratio ߤ = 0.3, shear correction coefficient ܭ௦ = 5/6. 

 
Fig. 4. LSSVM computation 

The first three frequencies of the pipe crack model are obtained by using ASIA. Fig. 4 shows 
the LS-SVM results of the crack detection model in the region of the training points by using a 
Matlab/C toolbox for least squares support vector machines named LS-SVMlab [34]. In order to 
obtain an LS-SVM model (with the RBF kernel), two extra tuning parameters are given in Fig. 4, 
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where ߛ  is the regularization parameter, determining the trade-off between the training error 
minimization and smoothness of the estimated function and ߪଶ is the kernel function parameter. 
Let the error estimator of first three frequencies be 0.001 %, Table 1 illustrates the first three 
natural frequencies using ASIA and those of closed-form solutions in Reference [13] under 
various crack location and crack depth. It shows that the numerical solutions are in very good 
agreement with the closed-form solutions. Table 2 show the frequency error estimators in different 
spaces using quadratic Lagrange multiwavelets under ߚ = 0.5 and ߙ = 0.5. Fig. 5 shows the error 
estimators of first three natural frequencies for the quadratic Lagrange multiwavelet solution. It 
can be seen that the solution of natural frequencies is convergent as the scale becomes larger and 
the convergence rate of the solution of first natural frequency is highest in that of three natural 
frequencies. 

Table 1. Comparison of multiwavelet finite element and exact frequencies solution  
(the error estimator of frequency is 0.001 %) ߙ ߚ Exact / rad/s Multiwavelet solution / rad/s ߱ଵ ߱ଶ ߱ଷ ഥ߱ଵ ഥ߱ଶ ഥ߱ଷ 

0 0 248.39 980.09 2157.32 248.39 980.09 2157.32 
0.10 0.15 248.22 978.18 2149.48 248.22 978.18 2149.48 
0.10 0.45 241.24 883.71 1831.52 241.24 883.71 1831.52 
0.20 0.20 246.54 960.66 2116.62 246.54 960.66 2116.62 
0.20 0.40 230.41 834.35 1924.13 230.41 834.35 1924.13 
0.30 0.50 200.28 807.08 2118.06 200.28 807.08 2118.06 
0.30 0.35 225.61 879.70 2134.08 225.61 879.70 2134.08 
0.40 0.25 236.44 962.73 2120.09 236.44 962.73 2120.09 
0.40 0.50 188.96 906.57 2003.69 188.96 906.57 2003.69 
0.50 0.30 226.23 980.07 1988.41 226.23 980.07 1988.41 
0.60 0.25 236.42 963.23 2118.39 236.42 963.23 2118.39 
0.60 0.45 198.64 918.65 2017.23 198.64 918.65 2017.23 
0.70 0.30 233.07 908.35 2142.51 233.07 908.35 2142.51 
0.80 0.50 218.53 771.63 1865.43 218.53 771.63 1865.43 
0.80 0.20 246.41 960.53 2117.23 246.41 960.53 2117.23 
0.90 0.30 245.86 944.76 2019.42 245.86 944.76 2019.42 

Table 2. Error estimators of first three natural frequencies  
for the Quadratic Lagrange multiwavelet solution (ߚ ߙ ;0.5 = = 0.5) 

Space ଵ݂ (Hz) Error / % ଶ݂ (Hz) Error / % ଷ݂ (Hz) Error / % 
V0 (݆ = 0) 202.57 16.53 1077.97 17.60 1823.61 17.46 
V1 (݆ = 1) 191.77 10.31 1003.58 9.48 1705.56 9.85 
V2 (݆ = 2) 179.91 3.49 959.83 4.71 1669.12 7.51 
V3 (݆ =3) 176.31 1.42 941.18 2.67 1634.43 5.27 
V4 (݆ = 4) 173.85 0.01 920.68 0.44 1585.69 2.13 
V5 (݆ = 5) 173.84 0.00 918.02 0.15 1571.57 1.22 

Exact solution 173.84 – 916.67 – 1552.56 – 

To detect the crack in the pipe, the exact first three frequencies are used to be inputs of cracked 
pipe models based on the cubic Hermite multiwavelets shown in Fig. 2. Table 3 shows the 
prediction results of crack parameters based on the cubic Hermite multiwavelets while the error 
estimator of actual parameters is set to be 0.001 %. It can be concluded that the prediction results 
of crack parameters can efficiently approximate to high precision by ASIA. It can be found that 
the relative errors of the predicted normalized crack location and size are not more than 0.01 %. 
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Fig. 5. Error estimators of first three natural frequencies for the quadratic Lagrange multiwavelet solution 

Table 3. Comparison of predicted and actual crack parameters 

Case Actual ߚ 
Actual ߙ 

Exact / rad/s Predicted ߚ∗ (%) 
Predicted ߙ∗ (%) ߱ଵ ߱ଶ ߱ଷ 

1 0.10 0.10 248.23 980.23 2157.45 0.1001(0.001) 0.0998(0.002) 
2 0.10 0.50 239.18 858.90 1774.05 0.1001(0.001) 0.4994(0.0012) 
3 0.20 0.20 246.54 960.66 2116.62 0.2000(0) 0.2000(0) 
4 0.20 0.40 230.41 834.35 1924.13 0.2000(0) 0.3999(0.0003) 
5 0.30 0.50 200.28 807.08 2118.06 0.2987(0.0043) 0.5003(0.0006) 
6 0.30 0.30 233.16 907.77 2140.51 0.3011(0.0037) 0.2976(0.008) 
7 0.40 0.20 243.49 972.61 2141.52 0.3999(0.0003) 0.1955(0.0225) 
8 0.40 0.50 188.96 906.57 2003.69 0.4006(0.0015) 0.4989(0.0022) 
9 0.50 0.30 226.23 980.07 1988.41 0.5000(0) 0.3000(0) 
10 0.60 0.50 188.74 908.87 1996.27 0.6003(0.0005) 0.5012(0.0024) 
11 0.60 0.40 208.72 929.20 2040.65 0.5996(0.0007) 0.3997(0.0008) 
12 0.70 0.30 233.07 908.35 2142.51 0.7006(0.0009) 0.3001(0.0003) 
13 0.80 0.50 218.53 771.63 1865.43 0.8003(0.0004) 0.5008(0.0016) 
14 0.80 0.20 246.41 960.53 2117.23 0.7992(0.0010) 0.1989(0.0055) 
15 0.90 0.50 238.90 855.43 1771.52 0.9005(0.0006) 0.5010(0.002) 

4.2. Experiment investigation 

In the vibration experiment of the cracked pipe, a Polytec Doppler laser vibrometer 
OFV-505/5000 and Sony EX system were used to measure the vibration of one point in the pipe. 
Force-hammer is used as current pulse exciting source. To reduce the reflection of the laser beam 
and spectral noise, retro-reflective tapes were put on the measurement point in the pipe. For each 
cracked pipe, the high-metrical frequencies can be obtained by using Fast Fourier transform (FFT) 
and spectrum zoom technique of Matlab R2010b. Figs. 6 and 7 show the experiment setup and 
cracked pipe, respectively. The pipe geometries and the material properties are as follows:  ݐܮ =  1.450 m, ܽܮ =  0.005 m, ܾܮ =  0.005 m, inner diameter ܦ௔ = 0.05 m, outer diameter  ܦ௕ = 0.06 m, Young’s modulus ܧ = 2.06×1011 N/m2,  material density ߩ = 7390 kg/m3, 
Poisson’s ratio ߤ = 0.3. The crack of each pipe is generated by wire-cut machining with a 
molybdenum wire of diameter 0.18 mm. 
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Fig. 6. Experimental setup 
 

Fig. 7. Cracked pipe 

The quintic Hermite multiwavelets are used to construct the cracked pipe model, which is 
solved by ASIA. For the detection of pipe crack, the first three experimental measured frequencies 
are emplolyed as inputs of the prediction problems of pipe crack. For the prediction of crack 
location and depth, LSSVR algorithm is applied. For each cracked pipe, the high-metrical 
frequencies can be obtained by using the standard FFT program. A typical record including the 
impulse response signal and the power spectrum for ߚ = 0.480 and ߙ = 0.308 is shown in Fig. 8. 
Table 4 shows the comparison of actual normalized crack parameters ߚ and ߙ and the predicted 
crack parameters ߚ∗ and ߙ∗. For the given cases, the relative errors of ߚ∗ are not more than 5.31 % 
while the relative errors of ߙ∗  arrive at 11.82 %. Therefore, the proposed model-based crack 
detection method by the combination of multiwavelet-based elements and LSSVR algorithm is 
considered to be valid for actual application to detect fatigue cracks in a pipe. 

 
Fig. 8. FFT analysis on cracked pipe with ߚ = 0.480 and ߙ = 0.308 

Table 4. Identification results of cracked pipe 

Case Actual ߚ Actual ߙ Measured freqencies Predicted ߚ∗ 
(Error / %) 

Predicted ߙ∗ 
(Error / %) ଵ݂ (Hz) ଶ݂ (Hz) ଷ݂ (Hz) 

1 0.245 0.108 78.01 311.22 697.09 0.253(3.27) 0.115(6.48) 
2 0.245 0.133 76.97 308.98 686.83 0.232(5.31) 0.146(9.77) 
3 0.341 0.177 76.76 309.26 676.96 0.329(3.52) 0.165(6.78) 
4 0.393 0.203 76.54 307.33 663.77 0.377(4.07) 0.227(11.82) 
5 0.480 0.308 73.50 295.07 656.67 0.459(4.37) 0.323(4.87 ) 

5. Conclusions 

A combination method of multiwavelet-based method and LSSVR algorithm is developed to 
detect the location and depth of crack in a pipe. Because of scale-decoupling property and efficient 
multilevel computation, the multiwavelet-based method is a useful tool to deal with high-precision 
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computation in structural crack identification. Based on the operators of structural problems, 
Rayleigh-Euler and Rayleigh-Timoshenko beam-type multiwavelets are constructed efficiently, 
respectively. An ASIA using multiwavelets is presented to efficiently approximate the exact 
solution of cracked pipe model. To identify the location and depth of a crack accurately, LSSVR 
algorithm is applied to eliminate the errors of frequencies between numerical simulation and 
experimental measurement. Numerical and experimental results verify that the proposed method 
can be utilized to detect crack location as well as crack size accurately. It is believed that the 
presented method can be extended to the high-precision detection of complex pipe structures with 
multiple cracks or filled with fluid.  
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