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Abstract. Against the resonance reliability problem of synchronous belt transmission with
random parameters, the synchronous belt transmission is modeled as the continuum of axial
movement. The frequency response of synchronous belt with transverse vibration is analyzed
based on the Galerkin method. Considering the randomness of the parameters, the relationship
between frequency response and random parameters is derived from the perturbation theory. On
basis of the structure fatigue at resonance, the performance function of the resonance reliability of
the synchronous belt transmission is achieved by using the criterion between natural frequency
and excitation frequency, which research the first two order resonance failure probability of
synchronous belt transmission. The result shows that with the increase of belt speed, the natural
frequency of transverse vibration for synchronous-belt transmission is lowered. The first
resonance failure probability is decreased, while the second resonance failure probability is
increased. The results provide a reference for anti-resonance design and reliability assessment of
belt transmission.

Keywords: transverse vibration, synchronous-belt transmission, resonance, random parameters
reliability.

1. Introduction

Belt transmission is widely used in engineering. Transverse vibration, longitudinal vibration
and torsional vibration will be induced in the process of transmission, which will have a serious
impact on transmission characteristics of belt transmission [1]. Especially, it will influence the
transmission behaviors of the transmission system and even leads to the vibration failure of the
conveyor belts when the natural frequencies of the conveyor belts are close to the eccentric
vibration frequencies of the pulleys. Thereby it will affect the reliability of the belt transmission.
Therefore, it is necessary to analyze the reliability of the belt transmission. In recent years, many
researchers have conducted intensive research about the vibration characteristics of belt
transmission. Serge Abrate [2] researched the mechanics model of free and forced vibration for
belt transmission, and analyzed the effect of initial tension, belt speed and bending rigidity on the
vibration characteristics of belt transmission. J. Moon [3] studied nonlinear vibration of belt
transmission through experiments and theories. Tokoro and Nakamura [4] researched the
transverse vibration of synchronous belt and analyzed the impact of fluctuation cycle of tension
on transverse vibration using experimental methods. Riedel [5] studied the relationship between
the ratio of the first-order frequency and the second-order frequency of conveyor belts and the
axially velocity of belts. Yang Yu Ping [6] analyzed the effect of the axially velocity and applied
tension on the natural frequencies of transverse vibration for synchronous-belt. Taking the flexible
effects of belt into consideration, Yao Ting Qiang [7] studied dynamic responses of belt
transmission such as transversal vibration; bend moment of belt and so on. Ge Xin Sheng [8]
established the nonlinear vibration equation of axially stripe based on the Galerkin method,
researched the effect of axially velocity and applied tension on the transverse and longitudinal
vibration of belt transmission with the method of numerical simulation. However, the parameters
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of belt transmission and excitation loads were all regarded as deterministic parameters in these
papers. Obviously, it did not reflect the impact of the random factors on dynamic response in the
transmission process. Actually, the uncertainty of parameters (example: bending stiffness, unit
mass and belt speed) will result in the uncertainty of vibration characteristics (vibration
displacement, frequency) of belt transmission. Meanwhile, it also makes that the appearance of
resonance for belt transmission becomes a random event under specified conditions and times.
Therefore, the issues of random parameters of belt transmission resonance reliability are studied,
which has important significance for the safety assessment of belt transmission. In terms of belt
transmission reliability, Tan Ling [9] treated design parameters in belt transmission as random
variables and analyzed the reliability based on the sufficient fatigue life and no-sliding of belt
transmission, but ignoring the effect of shock of belt on reliability of belt transmission. On the
study of structure resonance reliability, Zhang YiMin [10] adopted random perturbation technique
to study the frequency reliability of rotor system. Zhai Hong Bo [11] used the point estimation
method and the modified Edgeworth expansion to calculate the resonance reliabilities of a pipe
conveying fluid. Hou Zhi Chao [12] systematically conducted the sensitivity analysis on natural
frequencies of the multi-ribbed belt drive. But the studies about analyses of resonance reliability
based on the dynamics of belt transmission are still relatively less. In view of the above studies,
taking synchronous-belt transmission as an example, considering the randomness of parameters
and excitation loads of synchronous-belt transmission, combining the Galerkin method and
perturbation theory, the resonance reliability of synchronous-belt transmission is analyzed. In
addition, the effects of the belt speed on the first two order resonance failure probability of
synchronous-belt transmission is discussed.

2. The transverse vibration model of synchronous-belt transmission

Synchronous-belt transmission is a mesh transmission and transmits power through meshing
between the toothed and the cogging, which can achieve no-sliding transmission and has accurate
transmission ratio and high transmission efficiency. Currently, the synchronous belt transmission
is widely used in the mechanical transmission of various industries and types, for example: the
textile machinery, machine tools [13], automobile, shipbuilding [14] and so on.

The transverse vibration of synchronous-belt transmission mainly occurs in the line segment
between two pulleys. Since the sectional dimension of synchronous-belt is smaller than the center
distance between two pulleys and the flexural rigidity of synchronous-belt, the transverse vibration
model of Synchronous-belt Transmission can be approximately simplified to the transverse
vibration of chord, in which the length of the chord is partial length of line between two pulleys [1].

Beikmann [15, 16] simplified the belt to axial movement chord by ignoring the bending
stiffness of belt. Zhang [17-19] applied the model which Beikmann had established to calculate
the characteristic values of transverse vibration for belt transmission. According to the model of
reference [15], the transverse vibration model of synchronous-belt is established.

To describe the transverse vibration of synchronous-belt transmission, the tangent point
between synchronous-belt and the pitch circle of big pulley is set to coordinate origin, and the
equilibrium position of transverse vibration of synchronous-belt transmission is set to the x-axis.
The coordinate system xou is depicted in Fig. 1.

Considering the synchronous-belt speed, ¢ is the transverse vibration damping of belt; L is the
span of the synchronous-belt between big pulley and small pulley; p is the mass per unit length of
the synchronous-belt; EI is the bending rigidity; T is the applied tension; v is the belt speed;
u(x, t) is the transverse displacement. Considering transverse vibration of the synchronous belt in
plan, the crosswise vibration equation is established as follows:
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Fig. 1. The transverse vibration model of synchronous-belt transmission

The boundary conditions are as follows:

u(0,t) =u(L,t) =0, (2)
2 2
d u((l, t) _ 0°u(L,t) ~0 (3)
0x 0x?

3. Frequency response analysis of synchronous-belt based on Galerkin method

The equation of synchronous-belt transverse vibration is high order partial differential
equation with homogeneous boundary conditions, so it is difficult to find the exact solutions.
Therefore, the Eq. (1) has to be solved approximately utilizing the Galerkin method [20]. For the
transverse vibration model of a simply supported synchronous-belt transmission, the sine function
sequence satisfies the boundary conditions. Sine function is regarded as the trial function of
Galerkin method, i.e.:

N
nm )
u(x, t) = Z b,, sin (T x) et (n=12.3,...,N), 4

n=1

where b, is the defining coefficient, N is the order of Galerkin truncated. In order to improve the
calculation accuracy, the weight function is equal to the trial function, i.e.:

Kk
W, = sin (Tﬂx) (k=123,...N). (5)

Substituting the trial function into original functions, then residual value is obtained:

N N
R =EI Z b, (rlL_n)4 sin (nL_nx) —(pv?2 —=T) Z b, (rz_n)z sin (TZ—nx) + 2pv
n=1\} N n=1 (6)
X iw nZl b, (72_71) cos (nL_nx) - pw? nZl b,, sin (TZ—nx)

If the inner product of the residual and the weight function satisfies the orthogonality, the
residual can be eliminated, so:

L

f RW, dx = 0. 7)

0
Residual and the weight function are substituted into the Eq. (7), so:
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4
) fitn k) — (pv? T)Zb ) fionk) + 20

=
D=

o
/N
T3

oy (3
x iwzlbn (T Lauio - pe? Zlbn finio) =0,
where
0, n+#k,
filn k) = {E _
> )
0, n =k,
fo(n k) = cos(n—k)mL cos(n+k)wL kmL i
< -k 2m+kn (mE— (kn)2> nE

Eq. (8) can be written as matrix form:
Ayb, =0, )

where, the elements in A,, are shown as follows:

ani = 2pv i (- )fz(nk) pwtfutn 10 + EL (7))

~(pv? = T) (T) fin, ).

The coefficient matrix is A,, the sufficient and necessary condition for Eq. (9) with nonzero
solutions is:

T(w,X) = det|4,| = 0, (10)

where, T (w, X) is a polynomial about the structure parameters and natural frequency. Due to the
element a,, ;, in the coefficient matrix A,, containing plural entries, so the equation has plural roots.
Omitted the roots of the expired real part with a negative portion, the real part of the roots are the
natural frequencies of synchronous-belt transverse vibration.

4. Analysis of resonance reliability for synchronous-belt transmission

Considering the randomness of parameters of synchronous-belt transmission and according to
Eqn. (10), the natural frequency of synchronous-belt transmission also has the randomness.
Therefore, the appearance of resonance for belt transmission becomes a random event. Meanwhile,
the appropriate probability is needed to avoid resonance of the designed synchronous-belt
transmission system when analyzing its reliability.

4.1. Relationship between random frequency response and random parameters

X = (xl,xz,...,x]-)T is the random parameters of the synchronous-belt transmission.

According to the random perturbation theory [21], the vector of random parameters X and the
natural frequency are expressed as follows:

X =Xy + X, (11)
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W= wg + ewp, (12)

where, ¢ is a small parameter; the part expressed by subscript d is the certain part of the random
parameters; the part expressed by subscript p is the random part and has a zero mean value in the
random parameters.

Substituting the random parameters into Eq. (10), we obtain T (wg4, X;) = 0. The function
T(wg,Xq) =0 1is carried on multivariate Taylor series expansion at the point
(wg + ewy, X4 + €Xy,). By eliminating high-order terms, we obtain:

aT 1/0%T - 92T Loy aT ~
(5)0):% €0 ¥ 51 507 Jumwy £ 9P + 3xZ ) X5 (ax) X =0, (13)
X=Xq X=Xd _xd Xd

T _ n OT 9°T _ n
where, 7% ax  “i=1l5yx 9x2 121 1ax ax;’

Due to random part having zero mean Value and according to Eq. (12), the mean value of
natural frequency is obtained as follows:

0%T
oy

B2) = - el (14)
02T
(6w )“’ )“(’d‘|
=Xq

Finally according to the Eq. (10) and Eq. (14), the relationship between random frequency
response and random parameters is expressed as follows:

E(w) = E(wg) = w(X), (15)
ey Y= 16x %, cov(xl-,xj)]

' (16)
[(%)“”wdl

X=Xgq

Var(w) = —

Substituting the random parameters into Eqn. (10), w(X) can be obtained.
4.2. Analysis of resonance failure for synchronous-belt transmission

Resonance reliability of synchronous-belt transmission refers to the satisfaction extent
between natural frequency and excitation frequency under specified conditions and time. The
guideline [22] for stability of vibrations stipulates: the natural frequency and the excitation
frequency usually meet the following relationship:

1150 < f or 0.85w > f, (17)

where, f is the excitation frequency, w is the natural frequency.

The relation between the natural frequency of the synchronous-belt affected by excitation and
the excitation frequency of the synchronous pulley (the excitation frequency f = 2nm/60, n is
the velocity of the pulley) should satisfy the Eq.(17). In addition, the velocities of two
synchronous pulleys are different in the synchronous-belt transmission, so do the eccentric
excitation frequencies of two synchronous pulleys. In order to avoid occurring resonance for the
synchronous belt transmission, according to Eq. (17), the natural frequencies of synchronous-belt
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are less than the excitation frequency of large pulley, or the natural frequencies of
synchronous-belt are greater than the excitation frequency of small pulley.

Thus, on basis of the structure fatigue at resonance, according to the analysis of natural
frequencies for synchronous-belt transverse vibration and the guideline of stability of vibrations,
the performance function of the resonance reliability of synchronous-belt transmission is defined
as follows:

g = (fi — 1.150(X))(0.850(X) — f,), (n=1,23,...,N), (18)

where, w(X) is the natural frequency of synchronous-belt and is the function about random
parameters X. f; is the excitation frequency of large pulley. f, is the excitation frequency of small
pulley, and f; < f,.

According to the relationship between the natural frequencies and the excitation frequency,
the failure state of the synchronous-belt transmission when producing resonance can be
determined, i.e.:

{g (X) > 0, vibration safety,
g(X) <0, vibration lapse.

Assume that the natural frequency and excitation frequency of synchronous-belt transmission
obey normal distribution independently, according to the digital characteristic values of random
variable, the mean value and variance of the Eq. (18) are expressed as follows:

Hg = Ug,Hg, , (19)
0§ = tgzitygz — (Mg, Hg,) (20)
where:
T 3\
0.852 [Z ja 1 9x,0%, cov(xi,xj)] , ,
'ug% = azT + O-fl + ('ufl - 085#0)) )
(aa) )w wg
X=Xgq
152y, v 9T cov(x,x)
14j=19x,0x; coviXe % 5 2
‘ug% = 32T + O-fz + (ﬂfz — 115/.1“)) )
(aw )w wq
X=Xgq

Mg, = (uﬁ - 0'85“60)'
Hg, = (”fz - 0'85#0))'

where, us, and szl are the mean value and variance of big pulley respectively, ur, and afzz are the

mean value and variance of small pulley respectively.
The resonance reliability index is defined as follows:

__Ela®] _
g Var[g(X)] % @h

So the reliability is R = ®(f), the failure probability is P =1 — R, where, ®(-) is the
standard normal distribution function.
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5. Numerical examples

The model of synchronous-belt transmission transverse vibration of a machine is shown in
Fig. 1. Here, the parameters are given : the span of synchronous-belt L = 1 m, the bending rigidity
of the synchronous-belt EI = 9.628x107 Nm?, applied tension of synchronous-belt T = 125N,
the mass per unit length of synchronous-belt p = 0.095 kg/m, rotational speed of big pulley
n, = 200rad/s, and rotational speed of small pulley n, = 1000 rad/s. This article tries to
determine the first two order resonance failure probability of synchronous-belt transmission when
the synchronous-belt speed are 0 m/s, 10 m/s and 20 nmv/s respectively.

5.1. Calculated of the natural frequency for synchronous-belt based on Galerkin method

In order to calculate the first three order natural frequency of transverse vibration for
synchronous-belt transmission, according to the contents in Section 2, the trial function and the
weight function of Galerkin method are expressed respectively as follows:

3
nm . km
u(x,t) = Z b,, sin (Tx) et W, = sin <Tx>, (k =1,2,3).
n=1

Substituting the trial function into the Eq. (1), we can obtain the residual value. According to
the Eq. (7)-(9), finally the elements in A,, are shown as follows:

4y, = EI(L) — (pv? —T)( ) —pw] (L)

2m\* ) L
azp = [EI\—) — (pv? T) —pw 5 )
S\L 2
[ 3m\* 5 L
asz = [EI|—) — (pv? —T) —pwT | X))
B1T\L 2
2pvxi0(57). ans = 2pvxin(=57). aas = 20 xi0 ()
a = v Xiw a = v Xiw gy a = v Xiw
1,2 p 3L 2,1 p 31) %23 p 37
, 12
a32=2pv><la) -, a13=a31=0.
) 5L , )
350
300 B
= 250 4
£ 200 T 1
o -
S —
E .
o T
2 150} ™ e
E .
= Lo I
Z 100 Tl 1
— - — -first order frequency T e
50+ | — — second order frequency \‘\.\ g
— third order frequency )
D 1 1 1 1 L
0 5 10 15 20 25 30

the belt speed (m/s)
Fig. 2. The curves of belt speed and the first three natural frequencies
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Substituting the known conditions into the expressed of the elements and according to the
Eq. (10), the first three natural frequency of synchronous-belt transmission can be obtained. The
contrast of calculation results between method of this paper and the proposed method of the
literature [6] are shown in Table 1, the change curve of the first three orders natural frequencies
of transverse vibration of the synchronous-belt along with the belt speed are shown in Fig. 2.

Table 1. The contrast of calculation results

. First order Second order Third order
Velocity P f f
requency requency requency
This paper’s Galerkin 0 m/s 114.0 228.26 343.04
method 10 m/s 103.67 217.64 330.46
20 m/s 75.16 176.52 306.26
Variable separation 0 m/s 114.0 228.26 343.04
method [6] 10 m/s 109.59 219.44 329.84
20 m/s 95.12 190.56 286.61

5.2. Calculated of the resonance failure probability based on parameters randomness

According to the known conditions, the random parameters are defined as X = (E,1,p, v, T)T.
Each random parameter can be expressed as x; = xjq + €xjp, j = 1,2,3,4,5and € = 1.
According to the elements of coefficient matrix in Section 4.1 and the Eq. (10), the random

polynomial is expressed as T(w,X) = a;q X Ay — A1 X Ay .

12 T T T T 0.09

| — — the resonance failure probability of first order nature frequency ‘

the resanance failure probability of second order nature frequency ‘ -0.085

. -0.075

Failure probability
7
Failure probability

s \ Jo.065

5

L L 1 1 L L L L L 0.055
0 2 4 6 8 10 12 14 16 18 20
the belt speed (m/s)

Fig. 3. The curves of synchronous-belt speed and the failure
probability of synchronous-belt transmission

Table 2. Distribution patterns and parameters of random variables

Random variables Distribution patterns 1\\//;?32 Variance
Applied tension / (N) Normal distribution 125 6.25
The excitation frequency of big pulley / (rad/s) Normal distribution 20.93 1.05
The excitation frequency of small pulley / (rad/s) Normal distribution | 104.67 5.23
Elastic modulus of synchronous-belt / (pa) Normal distribution | 2.5¢!? 1.25¢°
Moment of inertia / (m?) Normal distribution | 9.63¢® | 3.85¢3
The mass per unit length of the synchronous-belt / (kg/m) | Normal distribution 9.5¢? 4.75¢3
0 0
Belt speed / (m/s) Normal distribution 10 0.5
20 1
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Table 3. Results of resonance reliability analysis for synchronous-belt transmission

Velocity | First order resonance failure probability / P; | Second order resonance failure probability / P,
0 m/s 0.001095 0.055417
10 m/s 0.000845 0.066823
20 m/s 0.000561 0.087146

We analyze the random characteristics of natural frequency of transverse vibration for
synchronous-belt transmission based on the Eq. (15) and the Eq. (16). Finally, according the
Eq. (18), (19) and P = 1 — R, the first two order failure probability is obtained. The distribution
patterns and parameters of random variables are shown in Table 2. Employing Matlab, the result
is shown in Table 3 when the synchronous-belt speed is 0 m/s, 10 m/s and 20 m/s respectively.
The curves of changes for the first two order resonance failure probability along with belt speed
are shown in Fig. 3.

5.3. Discussion and analysis

(1) As can be seen through Table 1, the first three order natural frequencies obtained
respectively by the Galerkin method and the proposed method of the literature [6] are reducing
along with the belt speed increasing, and there exists some differences between the results. When
the belt speed is zero, the first three order natural frequencies calculated by both methods are the
same. It is shown that both methods have the better accuracy when the velocity is zero, but the
differences between the results obtained by both methods are also increasing along with the belt
speed increasing. The reason for that is the truncation orders of Galerkin method improve the
accuracy of natural frequency. From Fig. 2 we can see that with the axial velocity of
synchronous-belt increasing, the natural frequency of transverse vibration for synchronous-belt
transmission reduces, because the increasing of synchronous-belt speed reduces the rigidity of
synchronous-belt and further causes the decrease of the natural frequency of synchronous-belt.

(2) From Fig. 3 we can see that with the increase of synchronous-belt speed, the first resonance
failure probability of synchronous-belt transmission decreases, and the second resonance failure
probability of synchronous-belt transmission increases, because the increase of synchronous-belt
speed reduces the natural frequencies of synchronous-belt. In other words, it causes the first
natural frequencies of synchronous-belt to stay away from the range of the excitation frequencies
of synchronous pulleys and the second natural frequencies of synchronous-belt to near the range
of the excitation frequencies of synchronous pulleys. Thus it leads to the change of resonance
failure probability of synchronous-belt transmission.

(3) In this paper, the numerical example is analyzed, which can effectively verify the
correctness of the built model and the feasibility of the proposed method. Moreover, through the
numerical example analysis, this method is also applicable to the other belt transmission system
which can be modeled as the continuum of axial movement.

6. Conclusions

In this paper, the natural frequencies of transverse vibration of synchronous-belt are solved to
verify the effectiveness of Galerkin method. Simultaneously considering the randomness of
parameters, the performance function of the resonance reliability of synchronous-belt transmission
is established based on the criterion of vibration stability, which can better reflect the resonance
failure state of synchronous-belt transmission at the actual work to ensure the natural frequency
deviate from the excitation frequency with reasonable probability. From the perspective of
reliability theory, the resonance failure of synchronous-belt transmission is studied, which can
provide a reference for the resonance prevention and parameters optimized of belt transmission.
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