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Abstract. This paper will present a wavelet-based algorithm for numerical integration. The
contribution of the manuscript is that: 1) Define an integration wavelet, which is applied to the
numerical integration and applicable for processing stationary vibration data; 2) The basic
properties of integration wavelet, such as frequency response, convolution solution with zero
mean, stability and ripple in pass-band are discussed, and the investigation results reveal the
excellent properties of it; 3) The validity of presented approach is illustrated by numerical
integration computation on angular oscillation of a pendulum. The theoretical research and
engineering experiments show that the presented approach is valuable in the vibration signal
estimation.
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1. Introduction

As known, acceleration, velocity and displacement are regular physical measurements of
vibration testing. Study the transformation among them is often encountered in many engineering
problems. However, due to initial value, noise [1] and drift, a simple numerical integration
algorithm is usually unstable for the engineering problem. Until now, the double integration real
time processing on vibration acceleration signal were realized on hardware-based integrator in
some vibration test.

Now, the new method of numerical integration is being studied for converting a measured
history of acceleration data into a displacement data. There are two types of algorithm developed.
One is by integrating the acceleration signal in the time domain. The typical case is an adaptive
algorithm combined with band-limited multiple Fourier linear combiners (BMFLC) which can
eliminate the problem of drifting in the numerical integration [2]. The other is by dividing the
Fourier-transformed acceleration signal by the scale factor of —w? and taking its inverse Fourier
transform, such as an improved frequency domain method used in the reconstruct displacement
signal from a measured acceleration response [3].

However, in recent years, the wavelet-based algorithm has been paid attention in integration
numerical computation [4-6]. It can be applicable in the context of numerical approximation of
integral equations, partial differential equations, ordinary differential equations [7-9] and signal
identification [10]. Unfortunately, for unknown mathematic model and initial conditions for the
vibration data in the engineering application, the given wavelet based algorithm in the literature
[4-9] could not be directly employed in the vibration data estimation.

To solve the problem of numerical integration for vibration acceleration, the following work
is done in this paper; 1) an integration wavelet is defined; 2) the numerical integration can be
realized by the integration wavelet convoluting with the discrete time vibration signal; 3) the
important properties of integration wavelet are discussed, and an experiment is given to
demonstrate the validity and applicability of this new approach.

© JVE INTERNATIONAL LTD. JOURNAL OF VIBROENGINEERING. NOV 2014, VOLUME 16, IsSUE 7. ISSN 1392-8716 3469



1433. A WAVELET-BASED ALGORITHM FOR NUMERICAL INTEGRATION ON VIBRATION ACCELERATION MEASUREMENT DATA.
DISHAN HUANG, JICHENG DU, LIN ZHANG, DAN ZHAO, LEI DENG, YOUMEI CHEN

2. Combination wavelet

Consider a mother wavelet h(t) as a combination wavelet, and it is mathematically described
in the combination of a series of harmonic components with a window [13]:

h(t) = W(b) Z cos(27 fit), (1)

where W (t) is a window, f; and fy are start frequency and cut-off frequency respectively. W (t)
is introduced for cut down the ripple in pass-band of the frequency response h(f).

h(t) can be regarded as the linear superposition of (H-L) wavelets. The Fourier transform pair
of the combination wavelet h(t) is that:

H H H
W) ) cos(nfit) & W(f) » (Z 5(f = f)+ ) 6(f + ﬁ))- @
i=L i=L i=L

h(t) can mathematically be explained a convolution result of a gate function with a window
in the frequency domain while the frequency increment from f; to f is set to 1. The wavelet h(t)
is a pass-band filter with linear phase because of several cosine waves combination. The frequency
response characteristic of the combination wavelet is shown in Fig. 1, it is obvious that the linear
superposition of equal space wavelets is the foundation of filter with bandwidth. On the condition
of limitation, the frequency response range of the combination wavelet can be expanded from
fi =1to fy = N/2, and the excellent frequency response characteristic has been constructed.
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Fig. 1. Schematic of a combination wavelet construction

3. Integration wavelet

Based on the combination wavelet in the Eq. (1), introduce an integration operation on it:

H H
hy(t) = W(D) f Z cos(2nf, t)dt = W(t)zw. 3)
i=L i=L t

Let f, = 1 and fy = N/2, the frequency increment be 1. Then, h,(t) is defined as an
integration wavelet. The range of frequency response of integration wavelet coves from 1 to N /2.
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As stated as the above section, the action of window W (t) is to decay the pass-band ripple in the
frequency response of integration wavelet.

As shown in Fig. 2, that is a waveform of a discrete integration wavelet. The length of this
integration wavelet N = 3679, the start frequency f; = 1, the cut-off frequency f; = 1839, and
the frequency increment 1. W (t) is the Kaiser window [6] which is a one parameter family of
window functions, where the parameter § = 1. The frequency response of integration wavelet
hg(t) is shown in Fig. 3, and it approaches to the one of an ideal integrator.
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Fig. 2. Waveform of integration wavelet hy (¢)
(The length of integration wavelet N = 3679, f; =1 and fy; = 1839)
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Fig. 3. Frequency response of integration wavelet

4. Numerical integration

Because of the integration characteristic of the presented integration wavelet, when the
integration wavelet hg (t) convolutes with a vibration signal x(t), the integration operation can be
realized , and it is expressed as:

t

y(1) = fx(t)hg (t — 7)dt. @)
0
The numerical integration is done in the time domain through convoluting the integration
wavelet with a time series.
In practice, the digital integration wavelet hy(n) convolutes with a vibration acceleration
measurement data a(n), the estimation of vibration velocity v(n) can be obtained in the time
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domain. If one more convolution operation is carried out, the estimation of vibration displacement
d(n) will be realized.

5. Characteristics of integration wavelet
5.1. Frequency response

The parameter f in the Kaiser window will affect the frequency response characteristic of the
integration wavelet. When [ increases, the frequency response attenuates in the range of low
frequency. The detail issue is illustrated in the frequency characteristics shown in Fig. 4. It is
obvious that the attenuation happens in the frequency range of less than 2 Hz.
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Fig. 4. The parameter £ in the Kaiser window affects the frequency response of an integration wavelet

5.2. Zero-mean and stability

Based on Eq. (3), the sine wave is selected in the construction of an integration wavelet, and
the point of discrete time waveform is selected as odd number. Thus, the integration wavelet is an
odd function, and the convolution operation on measurement data can remove the direct
component. Therefore, the numerical integration is replaced by wavelet convolution operation,
which is applicable for processing on a stationary acceleration signal. The advantages of
wavelet-based integral algorithm as follows:

* No disturbance of initial value on numerical integration;

* Numerical integration result without direct component or tendency.

In additional, the integration wavelet is FIR construction, therefore, it is a kind of stable digital
filter. Though the presented algorithm makes the computation loads little bit high in the
application, the numerical integration on a time series will be stable.

5.3. Ripple in pass-band

When the integration wavelet convolutes with signal, the ripple in pass-band impliedly exists
in the convolution result. In specially, the serious ripple will occur in the frequency around f;. If
the convoluted signal with non-integer period, the ripple in pass-band will be remarkable in the
convolution result. However, as the parameter f increases in the Kaiser window, the ripple in
pass-band will be decayed in the band edge. The effect of parameter £ in the Kaiser window on
the ripple in pass-band is shown in Fig. 5, where the length of wavelet is 257, and the frequency
parameter f; = 1.

As motioned above, the quality of frequency response and the ripple in pass-band are
dependent on selection of parameter § in the Kaiser window. However, the selection of parameter
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[ is ambivalent for them. Therefore, it needs to balance the quality of frequency response and the
ripple in pass-band in the selection of parameter dimension of the Kaiser window. In fact, f§ is
selected in the range of 1-4, both of the attenuation in the frequency response at f; =1 and the
ripple in pass-band can be controlled in less than 30 % (-3 dB).
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Fig. 5. Parameter f8 in the Kaiser window affects pass-band ripple

)| — — hann window

! gauss window
blackman window  H
chebyshey window
Ideal

a0
i .
Freguency(Hz)
a) Different window functions affect frequency response of integration wavelet
AD T T T T T T T T T
: : : : : — — hann window
30p--- IE R gauss window H
blackman window
20 f--- chebyshey window | |
10}
D f- J—
R 5 S S
o0l
a0k
-40

Fig. 6. Different windows affect frequency response of integration wavelet

© JVE INTERNATIONAL LTD. JOURNAL OF VIBROENGINEERING. NOV 2014, VOLUME 16, ISSUE 7. ISSN 1392-8716

1 2 3 4
Frequency(Hz)

b) Different windows affect ripple in pass-band

3473



1433. A WAVELET-BASED ALGORITHM FOR NUMERICAL INTEGRATION ON VIBRATION ACCELERATION MEASUREMENT DATA.
DISHAN HUANG, JICHENG DU, LIN ZHANG, DAN ZHAO, LEI DENG, YOUMEI CHEN

5.4. Window function

Many window functions can be selected to construct the wavelet. The type of window will
significantly influence the frequency response. Thus, it is necessary to observe the Kaiser window
in comparison with the other window.

As shown in Fig. 6(a), the frequency responses in the range of lower frequency is sensitive to
selection of window. It is obvious that the effect of Hanning, Gauss, Blackman and Chebyshev
window on the frequency response characteristics are worse than Kaiser window (f = 1-3).

The ripple in pass-band is also related to the selection of window. As shown in Fig. 6(b),
although Hanning, Gauss, Blackman and Chebyshev window can improve the ripple in pass-band
around frequency f; = 1, the attenuation in the frequency response edge is still beyond 3 dB.

6. Example

An example is given to illustrate the superiority of the presented approach over existing
techniques. A discrete time acceleration data is expressed as: x(n) = Asin(2nfn), where A =1
and f =400 Hz and n = 1, 2, 3..., and the waveform is shown in Fig. 7. The result of two
integrations realized by the presented integration wavelet is shown in Fig. 8. In contrast to
integration performance, as shown in Fig. 9, the two integrations are directly done by the
algorithm of numeric integration. It is obvious that there are a non-zero-mean value in an integral
and a tendency in double integral because of unknown initial condition in the original algorithm,
which is not adapted to process the problem of stationary vibration measurement data. However,
the presented approach can overcome all defeats caused by the original algorithm of numerical
integration.
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Fig. 7. A sinusoidal data x(n) = Asin(2rfn), where A = 1 and f = 400 Hz
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Fig. 9. Result of two integrations realized by algorithm of numerical integration

7. Application of signal detection

An application is to compare the angular oscillation wave estimation by the presented
integration wavelet processing with a laser measured result. Fig. 10 is a schematic of angular
oscillation detection with two accelerometers. Angular acceleration « is measured from these two
accelerometers on the rod pendulum. The angular acceleration « is expressed as the form of signal
combination:

a=-—+ 2 ©)
The angular displacement 6, is estimated by:

6, = ﬂ adtdt. (©)

The double integrations are realized by applying the presented integration wavelet.

dh 4
| 0 p
A 142
Accelerometer 1 Accelerometer 2
 — — I
l

Fig. 10. Principle of displacement estimation with two accelerometers

Fig. 11 is a scheme of measurement system of angular oscillation, and Fig. 12 is a photo of
angular oscillation measurement. A sine signal from a signal generator is sent to a power amplifier
(YE5871A), and drives a shaker (JZK-2) to excite the rod pendulum. Then the rod pendulum
oscillates, and two accelerometers (CA-YD-186) pick up the acceleration signals at different
locations. After data acquisition (ECON: MI-8008), the signal combination and numerical
integration are processed by the presented approach. At the same time, a laser displacement sensor
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(Keyence: LK-G10, Resolution: 0.01 pm) gets the displacement of the end of rod, which is used
to calibrate the angular oscillation. The angular displacement 6, obtained by the laser
measurement can be expressed as:

6—5
27

) (7

where s is vibration displacement obtained by the laser, and [ is effective length from the detecting
point to the rotating point.
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Fig. 11. Schematic of angular oscillation measurement

~|

Fig. 12. Photo of angular oscillation measurement

The angular oscillation is estimated by the integration wavelet convoluting with the angular
acceleration signal, and the estimated result is illustrated in Fig. 13. The exciting frequency is
10 Hz in the vibration test. The RMS value of the angular oscillation wave obtained by the
integration wavelet is 54.29 prad, and another one measured by the laser displacement sensor is
54.41 prad. The difference between them is about 0.22 %. The measured result by the presented
method is highly agreement with the one by the laser measurement.

The presented approach was used to detect an angular oscillation of the optical payload in a
satellite ground test, and the angular oscillation measurement data and its spectrum are shown in
Fig. 14. The oscillation source of the optical payload came from a momentum wheel installed in
the satellite body. The measurement result was used to assess the influence of the momentum
wheel on the payload. The time series was obtained by double integrals on an angular acceleration
oscillation off-line. The presented numerical integration can attain the angular measurement
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resolution less than 1 prad in the engineering application. Besides, the problem of initial value is
no longer to disturb the estimation of angular oscillation.
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Fig. 14. Angular displacement estimation on optical load in a satellite

8. Conclusions

Based on a combination wavelet, an integration wavelet is defined, and it is used in the
numerical integration adapted for processing a stationary vibration data. The estimations of
vibration velocity and displacement are realized by convoluting the integration wavelet with a
vibration acceleration data. The advantage of the presented integration wavelet is of high accuracy
and good stability in the numerical integration operation on the condition of unknown initial
condition. So it is recommended to be used in the numerical integration of stationary vibration
acceleration measurement data.
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